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Abstract. Explicit representations for the Faddeev components of the three -body T- matrix 
continued analytically into unphysical sheets of the energy Riemann surface are formulated. According 
to the representations, the T- matrix in unphysical sheets is explicitly expressed in terms of its 
components taken in the physical sheet only. The representations for the T — matrix are then used to 
construct similar representations for the analytic continuation of the three - body scattering matrices 
and the resolvent. Domains on unphysical sheets are described where the representations obtained can 
be applied. A method for finding three — body resonances based on the Faddeev differential equations 
is proposed. 



1. Introduction 

The topic of the paper is closely related to the problem of studying resonances in 
three -body quantum systems. The role played by such resonances is well known, 
for example, in the physics of nuclear reactions and in astrophysics. More generally, 
resonance is one of the most interesting phenomena in quantum scattering and the 
problem of definition and studying resonances attracts a lot of attention both from 
physicists and mathematicians. The literature on resonances is enormous and thus no 
attempt will be made here to present an exhaustive summary. For a history of the 
subject and a review see e. g. the books |l) - @- The main problems connected with 
a definition of resonance are explicitly emphasized by B. Simon in his survey pO[ |. In 
contrast to the usual (real) spectrum, the resonant one is not a unitary invariant of a 
(self- adjoint) operator and, thus, "no satisfactory definition of a resonance can depend 
only on the structure of a single operator on an abstract Hilbert space" . Thus, a 
consideration of resonances is always connected with a rather concrete system, model, 
etc. supposing the presence of an extra structure like a "free" or "unperturbed" 
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Hamiltonian or geometric features of the system or model concerned (see ) . 

The original idea of interpreting resonances in quantum mechanics as complex poles 
of the scattering matrix continued analytically into unphysical sheets of the energy 
plane goes back to G. Gamow |jri|. In this interpretation, one actually compares 
the real dynamics of a system with some of its "free" dynamics (which is an extra 
structure in the sense of 0). Here, resonances also manifest themselves as energy 
poles of the continued kernels of the wave operators (the scattering wave functions). 
For radially symmetric potentials, the interpretation of two -body resonances as poles 
of the analytic continuation of the scattering matrix has been entirely elaborated in 
terms of the Jost functions jl| (see e.g. §, H, ||, §). 

Beginning with E. C. Titchmarsh the resonances have also been interpreted 
as poles of the analytic continuations of the kernel of the Hamiltonian resolvent (or 
matrix elements of the resolvent between suitable states, see Q, |^). In different forms 
this idea is reahzed in the papers Q - |Q (see also the Refs. quoted in these papers 
and in the books fltl - @1). In particular, such an interpretation became the basis for a 
perturbation theory for eigenvalues embedded in the continuous spectrum oi N - body 
Hamiltonians and turning into resonances. This is a well studied subject now (see e. g. 
nil 01; lllli lHli [@)- Another variant of a perturbation theory for the two -body 
resonances has been elaborated in ||2^ (see also |^) for the case where the radius of 
the interaction tends to zero. 

In the case where the interaction potentials are analytic functions of the coordinates, 
one can investigate resonances by the complex dilation method (see also |^ , [|l0| ) . 
The complex dilation makes it possible to rotate the continuous spectrum of the N - 
body Hamiltonian in such a way that certain sectors become accessible for observation 
in unphysical sheets neighboring the physical one (|]. Resonances situated in these 
sectors turn out to belong to the discrete spectrum of the transformed Hamiltonian. 
It should be noted that the resonances given by complex scaling are proved for a wide 
class of interactions to be not only poles of the resolvent but also poles of continued 
scattering amplitudes pof . A number of rigorous results were obtained within the 
framework of this method (see e.g. the papers @, @, |§, |2|, ||, ^ and 
the book |^). Regarding the detailed of structure of the iV-body scattering matrix 
and resolvent of the initial Hamiltonian continued into unphysical sheets, the complex 
dilation method gives not too large capacities. 

A relation between analytic properties of the scattering matrix in the complex plane 
and the space -time behavior of wave packets has been studied (see the books Q] 
and js) for references). Also the problem of completeness, normalization and or- 
thogonalization of the resonance wave functions ("Gamow vectors"), i.e., solutions 
of the Schrodinger equation corresponding to the resonance energies had been widely 
discussed (see e.g. [|9|, |30|). Also attempts to interpret resonances and 

respective Gamow vectors in the framework of rigged Hilbert spaces ||3^ have been 
undertaken for a number of simple models (see Q, Q, Q). 

If the support of an interaction is compact, the resonances of the two -body sys- 
tem may be treated in the framework of the approach created by P. Lax and R. 
Phillips |Q (concerning its further development see [D and Q - |0). A main 
advantage of this approach consists in the possibility of giving an elegant operator 
interpretation of the resonances. Precisely, it allows one describe resonances as the 
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discrete spectrum of a dissipative operator representing the generator of the com- 
pressed evolution (semi) group. Also, completeness of the resonance wave functions 
and an expansion theorem in the translationally invariant subspace p5| are naturally 
proved |3^. It should be noted however that the Lax -Phillips approach has strong 
restrictions on the domain of its applicability related in particular to the dimension 
of the configuration space of the system under consideration (the dimension has to be 
odd, and thus the iV-body problem already with N = 3 cannot be treated). Up to 
now, the Lax -Phillips scheme has been realized in those scattering problems which 
generate the Riemann surfaces (though rather complicated) consisting only of two 
sheets of the complex energy plane (see |0). In the multichannel scattering 

problems with binary channels, this scheme has been partly realized in [^if . 

In the present paper we are concerned with the Faddeev approach to the three ~ 
body problem. It is well known that many important conceptual and constructive 
results (see ~ |^) concerning the physical sheet in the three -body scattering 
problem have been obtained on the basis of the Faddeev equations and their mod- 
ifications. In particular, the structure of the resolvent and scattering operator was 
studied in detail, the completeness of the wave operators was proved and coordinate 
asymptotics of the scattering wave functions were investigated for rapidly decreasing 
as well as Coulomb interactions^-' [^, [^, |Q. Analogous results were ob- 

tained also for the singular interactions described by boundary conditions of various 
types - [Q. On the basis of the Faddeev equations, various methods of investiga- 
tion of concrete physical systems were developed in Q , [|4| , |^ , Q . Regarding the 
unphysical sheets, the situation with using these equations is rather different. Here, 
when studying a concrete three -body problem, one usually restricts oneself usually 
to developing a numerical algorithm to search for resonances in the unphysical sheets 
neighboring the physical one. A survey of physical approaches to a study of resonances 
in three -body nuclear systems based on the Faddeev equations can be found in [59[ | 
and§. 

The present work is devoted to extending the Faddeev approach j42|, to study 
the structure of the three - body T - matrix, resolvent and scattering matrices contin- 
ued into unphysical sheets. We restrict ourselves to the case where the interaction 
potentials fall off in coordinate space not slower than exponentially. When construct- 
ing a theory of resonances in the two -body problem with such interactions one can 
use the coordinate as well as momentum representations. It is clear however that the 
analytic continuation of the Faddeev integral equations , |Q into unphysical sheets 
turns out to be a very difficult problem if the equations are written in the configura- 
tion space. The problem is that there exist noncompact (cylindrical) domains where 
the pair (two -body) potentials are translationally invariant and, therefore, do not 
decrease. At the same time the continued kernels of the equations increase exponen- 
tially and their solutions have to increase exponentially, too. Therefore, the integral 



^'in the last decade, the new, more abstract approaches - fs ee also the literature cited 
in H]) having no relation to the Faddeev — Yakubovsky tochniquosp3] , and js^, have been 
developed to prnve the existence and asymptotic completeness of the iv— body wave operators. In 
particular, in fell such a proof is given for arbitrary N in the case where the pair interactions fall off 
at infinity like r~^, q > v^— 1, i- e., substantially slower than Coulomb potentials. Another approach 
to proving the absence of the singular continuous spectrum of the - body Hamiltonians including 
the hard — core interactions has been worked out in l53| . 
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terms diverge and the coordinate space equations do not make sense. On the other 
hand, the integral terms given in the momentum space can be considered as Cauchy 
type integrals admitting an explicit continuation. So, at least in the sense of distribu- 
tions, a continuation of the momentum space Faddeev equations becomes a solvable 
problem. Actually, in the paper ||6^ (see also [^), such a continuation into unphys- 
ical sheets neighboring the physical one has already been realized formally with the 
s - wave Faddeev equations corresponding to the rank 1 separable (finite-dimensional) 
pair potentials. In the present paper, we construct a continuation of the equations 
for the Faddeev components of the three -body T- matrix T{z) in the case of suffi- 
ciently arbitrary pair potentials. We do this not only for the neighboring unphysical 
sheets but also for all those remote sheets of the three - body Riemann surface where 
it is possible to guide the spectral parameter (the energy z) around the two -body 
thresholds. 

A central result of the paper consists in a substantiation of the existence of the 
analytic continuations (in the weak sense) of the Faddeev components Ma^(z), a, (3 = 
1,2,3, of the operator T(z) and a construction of explicit (i.e., given in terms of 
the physical sheet only) representations for them in the unphysical sheets. These 
representations are found as a result of exactly solving the Faddeev equations for the 
matrix M{z) = {Maf3{z)} continued into unphysical sheets. Omitting details [see 



formula (7.34)], the representations read 



(1.1) M|n, = M|n^ - QU^Sr'JQi 

where 11; denotes the unphysical sheets enumerated by a (multi) index I ^ 0. The 
operator Q;(z) and the "transposed" one Qjiz) are explicitly constructed from the 
matrix M{z) taken in the physical sheet Ho. The numerical matrix A{z) is an entire 



function of z £ C. By Si{z) [see (4.21)] we understand a truncation (depending 



essentially on I) of the total three-body scattering matrix S{z). The operators J(z) 
and 3^{z) realize a restriction of the kernels of the operators Qiiz) and Q; (z) on energy 
shells respectively in the first and last momentum arguments so that the products Q| 
and J Q; ha ve half -on -shell kernels. Note that the structure of the representations 
( pni ) [( [7.34 )] for M(z)|jj^ is quite analogous to that of the representations found in 



the author's recent works |6l| and for the analytic continuation of the T - matrix 
in the multichannel scattering problems with binary channels. Representations for 
the analytic continuations of the three - body scattering matrices and resolvent follow 



immediately from the representations above for M (z)| [see Equations (8.1) and (9.1) 



respectively]. As follows from the representations ( [7.34 ), ( ^.l[ ) and (9T), the nontrivial 



(i.e., differing from the poles at points of the discrete spectrum of the three -body 
Hamiltonian) singularities of the T - matrix, scattering matrices and resolvent situated 
in the unphysical sheet 11; are in fact singularities of the inverse truncated scattering 
matrix Sf^{z). Therefore the resonances in the sheet 11;, considered as poles of the T- 
matrix, scattering matrix and resolvent continued on 11;, are actually those values of 
the energy z for which the matrix Si{z) has the eigenvalue zero. Of course, in analogy 
with a similar property of the two - body resonances this result can be considered as 
quite natural and rather expected. 
Some basic results of the present work were announced in the report [p3l . 
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Let us describe shortly the structure of the paper. In Sec. 2, some general notations 
are given. Sec. 3 contains information on analytic properties of the two -body T- 
and scattering matrices which are used in subsequent sections. Sec. 4 is devoted to a 
description of properties of the matrix M{z) and scattering matrices in the physical 
sheet of the energy z. In particular, the domains of the physical sheet where the 
half- on -shell kernels of M{z) as well as the truncated scattering matrices Si{z) may 
be considered as holomorphic functions of z are described h ere. T he k ernels and 
matrices which are included in the explicit representations ( 7.34 ), (B.l) and (9.1) 
mentioned above are introduced. In Sec. 5 we specify the unphysical sheets included 
in a part 5R of the three -body Riemann surface which we deal with in the paper. The 
analytic continuation of the Faddeev equations into unphysical sheets is made in Sec. 6. 
Sec. 7 is devoted to proving the validity of the explicit representations ( 7.34 ) for the 
analytic continuation of the matrix M(z) into unphysical sheets of the surface 5R. In 
Sec. 8 we derive analogous representations [given by formulas (pTh] for the scattering 
matrices, and in Sec. 9 the representations [given by formulas (|9.l[ )] for the resolvent. 
In Sec. 10 we discuss the practical meaning of the results obtained. In particular we 
give here a sketch of a method to search for three -body resonances on the basis of 
Faddeev differential equations in the configuration space. 



2. Notations 

A three -body system in momentum space is considered. We enumerate the par- 
ticles by the index a — 1,2,3 and write ka, Pa for the scaled relative momenta [ ^ . 
For instance 



(2.1) 



ki 



Pi 



m2 + m3 
2m2m3 

mi + m2 



1/2 



m2P3 - m3P2 



m3 



2mi(m2 + m3) 



m2 

1/2 



(m2 + m3)pi - mi(p2 + P3) 

mi + m2 + ms 



with uia the masses and Pa the momenta of the particles. The movement of the center 
of mass of the system is assumed to be separated. 

Expressions for the relative momenta k^, with a = 2,3 may be obtained from 
( ^.l| ) by cyclic permutation of indices. Usually, we combine the relative momenta k^, 
Pa into six - component vectors P = {ka,Pa}- A choice of a certain pair {ka,Pa} fixes 
a Cartesian coordinate system in H^. Transition from one pair of the momenta to 
another one means a rotation in H^, fc^ = Ca/sk/^ + SapP/s, Pa — —Sapkp + Ca^Pfs, with 
coefficients c^^, Sap depending on the particle masses only [Q such that — 1 < 0^/3 < 0, 



1 



Ca/3 and S/Sa 



In the momentum representation, the Hamiltonian H of the three -body system 
under consideration is defined by 



3 

E 

a=l 



{Hfm = p'fiP) + y^M){p), p' = k 



pI 



feno = L2(IR' 
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with Va the pair potentials which are assumed to be integral operators in fc^ with the 
kernels v^ika, k'^). Hereafter, by the square of a vector of M^, iV = 3 or = 6, we 
understand the square of its modulus, e.g., = 

For the sake of definiteness we suppose all the potentials Va, a — 1,2, 3, to be local. 
This means that the kernel of Va depends on the difference of the variables and fc^ 
only: Va{ka,k'^) — Va{ka — k'^). Actually, we consider two variants of the potentials 
Va. In the first one, Va{k) are holomorphic functions of the variable /c G C satisfying 
the estimate 

(2.2) W{k)\ < (^^|^|^,„ e°°l^'"^l for all fceC^ 

for some c > 0, oq > and 6o e (3/2, 2). In the second variant, the potentials Va{k) 
are holomorphic functions of k in the strip 

W2b = {k: keC^,\lmk\<2b}, b>0, 

only and satisfy the condition 

(2.3) \va(k)\ < 7 ^TTTTT for all k such that I Im fcl < 2b. 

(1 + |fc|)''o 



In both variants the potentials Va are supposed to be such that Va{—k) — Va{k) for 
any k G ]R^. The latter condition guarantees self-adjointness of the Hamiltonian H 

on the set V{H) = |/ : /^e {l + P^f\f{P)\'^ dP < cx)| (see Theorem 1.1 of |42)). 

Note that in the first variant, the requirement of holomorphy in all C and no more 
than exponential growth in |ImA:| (2.2) mean that the potentials Va have compact 
support in the coordinate space. In the second variant, the potentials Va{k), rewritten 
in the coordinate representation, decrease exponentially. 

By ha, {haf){ka) = kaf(ka) + {vaf){ka), wc dcnotc the Hamiltonian of the pair 



subsystem a. The operator ha acts in L2(IR^)- Due to condition (2.2) or (2.3), its 
discrete spectrum ad{ha) is negative and finite ||l|. We enumerate the eigenvalues 
Aqj S <Jd{ha), ^a,j < 0, j = 1,2, . . . ,na, fia < oo, taking into account their multi- 
plicities: each eigenvalue being repeated a number of times equal to its multiplicity. 
The maximum of these numbers is denoted by Amax, Amax = maxaj- A^j < 0. The 
notation ipa,jika) is used for the respective eigenf unctions. 

By ad{H) and adH) we denote respectively the discrete and (absolutely) contin- 
uous components of the spectrum <t{H) of the Hamiltonian H. Note that <Tc{H) = 

= [Amin, +00) with Amin = miu^j Xa,j. 

The notation Hq is used for the operator of kinetic energy, {Hof){P) — P"^ f{P), 
while Ro{z) and R{z) stand for the resolvents of the operators Hq and H, Ro{z) — 
= {Hq — zl)~^ and R{z) = {H — zl)^^ . Here, / is the identity operator in Tio. 

Let Mapiz) — SapVa — VaRiz)v0, a, (3 — 1,2,3, be the Faddeev components (these 
components were introduced in formulae (3.7) in paper by L. D. Faddeev) of the 
three-body T-matrix^''|T(z) = V — VR{z)V where V — vi + vi +v^. The operators 

^) Generally speaking, this operator does not possess a matrix structure. The traditional term 
"matrix" came from multi — channel scattering problems with binary channels where the operators 
defined analogously to T(z) are indeed matrices. 
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Map{z) satisfy the Faddeev equations (the famous equations (3.9) of p2[) 

(2.4) M^0{z) = da0t^{z) - t^{z)Ro{z)Y,M^piz), a = 1, 2, 3 . 

Here, the operator ta{z), a — 1,2, 3, has the kernel 

(2.5) t^{P,P',z) ^ t^{k^,k'„,z-pl)5{p^-p'^), 

where ta{k,k' , z) stands for the kernel of the operator ta{z) — Va — Vara{z)va with 
Taiz) = {ha — z)~^. The operator ta{z), called the T-matrix (or transition operator) 
for the pair subsystem a, satisfies in turn the Lippmann - Schwinger equation 

(2.6) ta{z) = Va - Var\^\z)ta{z) , 

where r'^\z), r'^^\z) — {h^^^ — z) is the resolvent of the kinetic energy operator 

h^^^ for the subsystem a, {h\^^ fa){ka) = kl fajka), e L2(IR^). 
It is convenient to rewrite the system ( |2.4| ) in the matrix form 

(2.7) M{z) = t{z) - t(z)Ro(z)TAf(z) , 

with t(z) = diag{ti(z),t2(2:),t3(z)} and Ro(2) = <lia,g{RQ{z) , Rq{z) , Rq{z)} . By T 
we denote a 3 x 3 matrix with elements T ap = 1 — ^ap- M{z) is a 3 x 3 operator matrix 
constructed from the components Mapiz), M — {Map}, a,l3 — 1,2,3. The matrices 
M, t, Rq and T are considered as operators in the Hilbert space Qq = ®^a=i i2(lR-^)- 
The matrix M{z) obeys also an alternative variant of the Faddeev equations, 

(2.8) M{z) ^ t{z) - M(z)Ro(z)Tt(z) . 
We shall also use the iterated equations (^]^) and ( ^.8| ), 

m+n+l 

(2.9) M(z) = ^ QC^') + Q^^^RoTAfTRoQ^") , m, n > , 
with 

(2.10) QW(z) - (-t(z)Ro(z)T)'t(z) = t(z)(-TRo(z)t(z))', 

the iterations of the absolute term Q('^'(z) = t{z) in Eqs. (^7| ) and ( p^S]) . 
The resolvent R{z) is expressed in terms of the matrix M{z) by the formula 

(2.11) R{z) = Ra{z) - Ra{z)nM{z)Vl) Ro{z) , 

where 51 : t/o ^ TLo stands for the matrix-row Vl = (1, 1, 1) and = Vl* = 
(1, 1, l)t. Hereafter, the symbol "f" means transposition. 

Throughout the paper we understand by \/ z ~ \, z G C , A G H, the main branch 
of the function (z — A)^/^. By q we usually denote the unit vector in the direction 
q e ]R^, q = q/\q\, and by S^~'^ the unit sphere in M^, q G 5^"^ The inner 
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product in IR is denoted by ( • , • ) . The notation ( • , • ) is used for inner products in 
infinite - dimensional Hilbert spaces. 

Let = L2(TR^) and ' = '^'^ ^' ■ By '^a we denote the operator acting 

from Ti.' ' into TYo defined by 

i^afm = £^o,,(fca)/,(p.), / = ih,f2,...JnJ. 

The notation is used for the adjoint operator of "ifa. By ^ we denote the block - 
diagonal matrix operator 5" = diag{\E'i, '^2, ^3} which acts from Hi — 0„^i Ti'--"^ into 
Go and by the adjoint operator of ^. Analogous to ^'q, ^* , ^ and ^* we introduce 
operators <&* , $ and which are obtained from the former by replacement of the 
eigenfunctions tpa.jika) with the "form factors" 4>ajika) = {va'4'a,j){ka)i ot = 1,2,3, 
j = 1,2, . . .,na. 

The two-body T-matrix ta{z) is known (see §4 of [|| or §1 of Chapter III of |46|) 
to be an analytic operator - valued function of the variable z e C\[0, +00) having 
simple poles at the points z £ ad{ha)- Its kernel admits the representation 

(2.12) Uk, k', ^) - - £ 't>^Ak)<l>yik') ^ 

j=i 'J 

where ta{k, k' , z) is a holomorphic function in the variable z G C\[0, +00). Therefore 

(2.13) t„(z) = -$„g„(z)$; +t„(z) 

where tQ(2:) stands for the operator having the kernel ta{ka, k'^, z — p^)(5(pq — p'^). 
At the same time gQ,(z)=diag{(7Q_i(z), . . . , „^ (z)} is a block - diagonal operator 
matrix whose elements gajiz) are the operators in 7i("'J) with the singular kernels 

ga,j{Pa,p'a,z) = S{pa - p'a) I {Kd ' Z + p^) . 

Below, we consider restrictions of different functions on the energy (or mass) shell 

(2.14) k = ^flk, ite , 

in the two -body problem and on the energy (or mass) shells 

(2.15) P = V^-P, 5'^ 
and 

(2.16) Pa = \/z- XaJ Pa,] , Pa,j & , Q;=l,2,3, j = 1, 2, . . . , , 

in the problem of three particles. In the last case, the sets ( |2T^ ) and (^T6|) are called 
respectively three -body and two -body energy shells. 

Let ©(C^) be a linear space of test functions represented by the Fourier transform 
of functions belonging to C^(JR'^) (we deal with N — S or N — 6 only). We mean 
/ e C'(C^) if 

f{q) = I dxeyi]i{i[qixi+ ■■■ +qNXN)} f*[x) for some G C^(IR^) . 
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where, q = (gi,g2, . . . , gw) G C a; = {xi,X2, ...,xjv) £ IR^. Every f[q) e O(C^) 
is a holomorphic (entire) function of the variable g G C ^ satisfying the estimates 



■exp(a|Inig|)(l + \q\Y 



dqT^ • ■ ■ ■ ■ uq^ 

where a is the radius of a ball centered at the origin and containing the support of the 



Fourier pre -image of / in IR^^ , |m| = mi + ■ ■ ■ + mj\j , and | Imgj = ^J2jLi 1 1™ 
For 9 one can take an arbitrary positive number. The coefficient c > depends on /, 
9 and m = (mi, . . . , uin)- 

A sequence of functions {fj} in the space ©(C^) is said to be convergent to a 
function / G ©(C ^) if for all > and mi, . . . , mjv = 0, 1, 2, ... the equalities 



hm sup (1 + |(7|) exp(— a| Imgl) 



Q\m\ 



4n 







hold for some a not depending on m. Elements of the dual space O'(C^), the lin- 
ear continuous functionals over 0[(C^), are usually called generalized functions or 
distributions'^'l (see e.g. |6j 



Let ]{z) be the operator which restricts functions f{k), k g IR'^, on the shell ( 2.14 ) at 
z = E ±iO, E > 0, and continuing them if possible, on a domain of complex values of 
the energy z. On the set 0((C^), the operator j(z) is defined by 



(2.17) 



(j(z)/)(fc) - /(V^fc) 



Its kernel is a holomorphic generalized function (distribution) ]64| , j(A;;fc',2:) = 
= 6{y^k-k'). 

By ]^{z) we denote the transposed operator of j(z). For any ip e L2{S^) this operator 
gives generalized function (distribution) over ©(C'^), 

(2.18) (j^(z)^)(fc) = / dk'S{k~y/Ik')p{k') = ^iit^^^(fc)^ 



1. e. 



(2.19) 



(jt(z)^,/) = / dkf{^k)ip{k), /eO(C3) 



Let Jajiz), a = 1,2, j = 1,2, 
(|1|). Its action on O(C^) is defined by 



be the operator of restriction on the shell 



{Jaj{z)f)iPa) = f{\/z- Xa.j Pa) , a = 1,2,3, j = 1,2,. 



^'Note that, in fact, we could consider narrower classes of distributions over sp ares 



tions holomorphic only in those domains [described in terms of the energy shells (2.15) and (2.1C)] 



of test 



fim 



where the scattering matrices and some half— on — shell kernels encounteml belaw may hccontinucd 
into the physical energy sheet. However the results [representations (7.34), (B.l) and (3.1)] do not 
depend on such a choice. 
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The operators Jaj (z) have the kernels 



la,j{Pa,p'a,z) = S {y^ Z - X^J Pa - p'a) ■ 

By Jo(z) we denote the operator of restriction on the shell ( |2.15| ). On ©(C^) this 
operator is defined by (Jo(z)/)(P) = /(^/zP). The notations j{z) and jj(2) are 
used fo r the respective transposed operators. Their actions are defined similarly to 
^ by 



(4(z)^)(P) = / dP'6{P-^P')^{P'), ^GHo, 

where = L2{S'^) and Ho = i2(S'^). The generalized functions 3l^j{z)(p and 

Jj(z)(y9 are elements of the spaces O'(C^) and ©'(C^) of distributions over O(C^) 
and ©(C^), respectively. 

The operators 3a,j and jj^ ^ are then combined into the block ~ diagonal matri- 
ces J(")(z) = diag{Ja,i(z), . . . , Ja,„Jz)} and j(")t(z) = diag . . . , 4,„Jz)}. 

The latter are used to construct the operators 

Ji(z) = diag{j(i)(z),j(2)(z),j(3)(z)}, jt(z) = diag{j«t(^),j(2)t(^)^j(3)t(^)}. 

The action of and Ji(z) on elements of the spaces ©("^ = 'xlliO''°''^\ O^""') = 

= e'(C^) and Oi = x^^^O^"), respectively, can be understood from the definition 

of the operators Ja,j(z). The operators j(")^(z) act from H^") = to the 

space of distributions over O^") and the operator from Hi = ffij^^^H^"'-'^ 

to the space O'l of distributions over Oi . 
Finally, we use the block - diagonal operator 3x3- matrices 

3g{z) = diag{Jo(2;), Jo(z), Jo(z)} , jj(z) = diag {4(z), jj(z)} 

constructed from the operators Jo(z) and jj(z), respectively, as well as the operators 
J(z) = diag{Jo(z), Ji(2;)} and 3^ {z) — diag {Jq(z), The actions of these oper- 

ators is clear from the definitions of the operators Jo, Ji, jj and j|. In particular, the 
operator J^(z) acts from the space Qo = ©^^iTio to the space x^^;^0'(C®). 

The identity operators in the spaces Tio, Qo, Hi and Ho (BHi are denoted by /q, Iq, 
Ii and I, respectively. 



3. Analytic continuation of the two — body T— and scattering 
matrices 

In this section we recall some analytic properties of pair T - matrices the knowledge 
of which will be necessary for posing the three - body problem below. Note that these 
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properties are well known (see e. g. and |^) for a wide class of the potentials 
As a matter of fact, we give here only an explicit representation for the two -body T- 
matrix in an unphysical sheet which is a particular case of the explicit representations 
constructed in the author's work pl| ] (see Theorem 2 in |6l[ | and comments to it) 
for a more general situation of analytic continuation of the T- matrix on unphysical 
sheets in the multichannel problem with binary channels. On the other hand, using 
this simple example related to the two - body problem we can demonstrate the main 
features of the scheme which we apply later in the three - body problem. 

Throughout the section we shall consider a fixed two - body subsystem of the three - 
body system concerned. Therefore, its index will be omitted in the notations. State- 
ments will be given for the first variant of potentials (|2.2|). If necessary, assertions 



corresponding to the second variant (2.3) will be written in parentheses. 

According to Eq. (2.6) the kerneH(fc, A;', z) of the pair T - matrix satisfies the integral 
equation 

(3.1) tik,k\z) = vik,k') - I dq -ik,q)tiq,k^,z) ^ 

All the dependence of t{k, k', z) on z is determined by the integral term of the equation. 
The latter, with respect to the variable z, represents a Cauchy type integral. Integrals 



of this kind appear in the Faddeev equations (2.4) as well and they are all of the form 

/(?) 



(3.2) $(z) = / dq-^^^^ 



where TV = 3 or = 6 and A < 0. 

Let us describe some properties of the function <I'(z), supposing that / is a holomor- 
phic function of the variable g S C ^ . We also assume that / satisfies the estimate 
\f{q)\ < cM{q) where M{q) > and dqM{q) < c °^Pff|^]^/l^ for some c > 

and 6* e (A^- 2, A^- 1). 

Let be the Riemann surface of the fimction 



C(^) 



(z-A)i/2, A" odd, 
ln(z — A) , TV even . 



The surface 3?$ arises as a result of pasting the sheets 11; representing copies of the 
complex plane C cut along the ray [A, +oo). The sheet 11/ is identified with a branch 
of the function (^(z). If C(z) = (z — A)^/^, we suppose for the main branch that 
I = 0, otherwise 1 = 1. If A^ is even, then as I we take a number of the function 
ln(z — A) branch, ln(z — A) = ln\z — X\ + iip + i27rZ where f = arg(z — A), so that 
z — A = |z — A| exp(z(^) and ip G [0, 27r). 



Lemma 3.1. The function ^(z) is holomorphic in the complex plane C cut along 
the ray [A, +00) and admits the analytic continuation on the Riemann surface 3?$ 
given by 

(3.3) *(^)ln, = *(^) ~ Tril{V^~X)^^'^ J dqf{y/7^q) 
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and the estimates 

wmw < c\\fui + \z\)-''\ 

dqf{Vz-Xq) < c \\f\\e{l + Izl)^"^^ exp(a| Im %/z - A | ) 



with WfWe = sxipg^c" M-^ (.1)1 f{<l)\ hold for any v' < (0 - (A^ _ 2))/2. 
For a proof see |6l| . 



Using the relations (3.3) one can easily obtain representations for the analytic con- 
tinuations of the kernels rQ{k,k\z) and Ro{P, P' , z). The Riemann surface SR^^^ of 
the kernel ^0(2:) coincides with 5R$ corresponding to ^(z) = z^/^, since, in this case, 
N is odd {N = 3). For Ro{z), the Riemann surface is logarithmic, ({z) = \n{z) {N 
even, N = 6). The continuation of the kernels ro(fc, k' , z) and Ro{P, P' , z) in z is un- 
derstood in the sense of generalized functions (distributions) over O(C^) and O(C^), 
respectively. In the example with ro(z), we consider the continuation of the bilinear 
form $(z) = (ro(z)/i, /2) = ^3 dq ^^i^^, /i, h e 0(<C=^). By Lemma |t] one gets 
immediately 



(3.4) 
(3.5) 



i?o(z)|n, 



ro(z) + ao(z)j'f(z)j(z) , 
i?o(z) + Ao{z)Ul{z)Uz) 



ao(z) 



- T^i^/z , 



Aii{z) — — Triz^ 
I = ±1, ±2, ... 



Using Lemma 3.1 one can immerse the equation (3.1) in a suitable Banach space and 
show then that for the first variant of potentials (2.2), the integral operator wro(z) 
can be continued analytic in z as a compact operator on the whole Riemann surface 
5ft(^'. Regarding the second variant of the potentials ( |2.3| ), the existence of such a 
continuation into the unphysical sheet is guaranteed only for the domain Hi n Vb, 



(3.6) 



Vb = 



Rez > -b^ 



1 



(Imz)^ 



bounded by the parabola Im^/z = h inside of which the function v{^/z [k — A;')) is 
holomorphic in z for arbitrary fc, k' G 5*^. According to Eq. (3.4) the product i'ro(z)|j-j 
may be written as wro(z)|j-j — uro(z) 4- ao(z)wj^(z)j(z). Thus, the continued equation 
( ^n| ) for t'{z) = i(2)|j-[ has the form 



(3.7) 



t'{z) = V - vrQ{z)t' {z) ~ ao(z)«jt(z)j(z)t'(z). 



Let us transfer the term uro(z)i'(z) to the left-hand side of Eq. (3.7) and invert (at 
z ^ crd{h)) the operator [/ + vro{z)]~^ using the relation [/ + vrQ{z)]^^v ~ t{z). This 
leads to the expression 



(3.8) 



t'iz) = t{z) ~ &o{z)t{z)t{z)i{z)t'{z) 
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for t'{z) in terms of the half~on-shell kernel t' (^y/z k , k' , z'j , the first argument of 



which befongs to the energy- shell (2.14). Now to find jt' we apply j to the both parts 
of Eq. (3.8) and then transfer a term including j(z)t(z) to the left-hand side. Then 
we get 

(3.9) s{z)i{z)t'{z) - i{z)t{z) 

where s(z), z e Hq, is the two-body scattering matrix (cf., e.g., formula (7.70) of 

iel), 

(3.10) s(z) = / + ao(z)j(z)t(z)jt(z), 

s{z) : L2[S^) L2(S'^) , with ao(z) = —-ki^ and / is the identity operator in L2 ("S*^)- 
The absolute term (j<)(fc, fc',z) of Eq. (|3.9D, considered as a function of the first 
argument fc S 5^, is an element of L2(S^) at z ^ crd{h). The operator jtj^^ on the 



right in (3.10) is a compact operator in L2{S^) for z ^ (Td{h). Therefore, on the 
domain of analyticity Hq \ o'd(^ ) ( V b H Hg \ (T^{h) ) of the operator - valued function 
(jij'f)(z), one can apply to Eq. (3^) the Fredholm analytic alternative (see [|6ll). 



This means that, with exception of a countable set dros having no limit points in 
C \ a{h) (Vb \ cr(/i)), the inverse operator [s(z)]^-^ exists and jt'(z) — [s{z)]^^it{z). 
As a result we come to the following statement which is in fact a one - channel variant 
of Theorem 2 of [|ll. 

Theorem 3.2. The two-body T-matrixt{z) admits analytic continuation in the 
variable z on the sheet Hi (on the domain Vb^^x) o,s a bounded operator in ^2(11'^). 

The result of the continuation t{z)\^ {ii.z)\-p ^jj ^ expressed by T - and S - matrices 
taken in the physical sheet as 

(3.11) t(z)|jj^ = t(z) ~ ao(z)T(z) 

where t(z) = (tj^s^"'^j<)(z). The kernel t{k.k',z)\^^ is a holomorphic function of 
the variables k,k' £ C and z G Hi \ (cTrcs U (Td{h)) {k and k' belonging to Wb and 

zennni\ (crrcsUCTd(/i))). 



On the physical sheet Hq, the pair T-matrix t{z) admits the representation (2.12) 
including the formfactors 0j , j = 1, 2, . . . , n. It follows from the Lippmann - Schwingcr 
equation for that 



1 

JR3 q- - 



(3.12) 0,(/c) = - / dqv{k,q)- -0,(g), A, < 0, 

q - Aj 



that the formfactor 4>j{k) admits an analytic continuation in fc on C'^ (on W2b) and 
that, at the same time, it satisfies the type ( |2.2| ) estimate where one has to replace 9q 
by a number 9, 1 < 9 < do, which can be taken arbitrarily close to 6*0 [|2j. Hence the 
eigenfunction 

(3.13) ^^.(fc) = 
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of h admits also such an analytic continuation on C'^ (on W2b) with the exception 
of the set {fc g C"^ : = Xj} where has singularities (turning for k = ^/zk, 

k £ S"^, into a pole in z at z = Aj ) . 

The regular summand t{k, k' , z) of the kernel of t{z) is a holomorphic function in 
the variables /c, fc' g C z g Ho (fc, k' g Wf,, z g n XIq). It admits the estimate 

\i{k,k\z)\ < c(l + |fc-fc'|)"''-exp[a(|Imfc| + |ImA:'|)] 

with arbitrary 6 g (1, ^o)- 

Regarding the operator , it follows from Eq. ( [3.1l| ) that the points z£ad{h) 

become, generally speaking, poles of the first order of this operator. One can easily 
check however that if the eigenvalue A g (Jd{h) is simple, then the respective singular- 



ities of both summands of ( 3.11 ) compensate each other and the there is no po le o f 



i(z)|j-j^ at z = A. It follows from the Frcdholm analytic alternative ||65[] for Eq. (3.E) 
that the poles of i(z)|j-j^ at z g (Ties are of a finite order. It is also easy to show that 
if A{k) is a nontrivial solution of the equation 

(3.14) s{z)A = 

at some z g tTros, z ^ ad{h), then the Schrodinger equation has at this z a nontrivial 
(resonance) solution i/'res- The asymptotics of such a solution written in configuration 
space is exponentially increasing, 

= (^M) + 0(1)) , xglR^ 

The function ipf^^ix) is a so-called Gamow vector corresponding to the resonance at 
the energy z (see e.g. Q, [||). The function A{k) gives sense to the breakup 
amplitude of the resonance state. 
The formula for the analytic continuation of the scattering matrix into the unphysical 



sheet Hi (on the set Vb H Hi) follows immediately from Eq. (3.11) (see [|6l[), 
(3.15) s{z)\^^ - f[s(z)]-i£, 

where £ stands for the inversion in L2(<S'^), {£f ){k) — f[ — k^ 
Utilizing the representation ( 3.11| ) one can easily get an explicit representation in 



terms of the physical sheet as well for the analytic continuation on Hi (on H Hi) of 
the resolvent r(z): 

(3.16) ''(^)ln, = ^ + ao(/ - ™)j1's~^j(/ - ur) . 

The continuation is understood again in the sense of generalized functions (distribu- 
tions) over ©(C"^). This means that one has to continue the bilinear form 

$(z) = (r(z)/i,/2) = / dk f dk'f2{k)r{k,k',z)fi{k'), /i, /2gO(C^). 
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4. The matrix M{z) and the three — body scattering matrices 
in the physical sheet 

4.1. Faddeev equations 

At the beginning, we recall briefly some principal properties |Q, |Q of the Faddeev 
equations ( p??] ) for the matrix M{z) and of the kernels AdapiP, P' , z) themselves for 
real arguments P,P' G IR^. To formulate these properties we reproduce here the 
following definition from §5. 

An operator - valued function Qaf}{z) : TCq — > TCq, a,P — 1,2,3, of the variable 
z € C , is said to be a function of type Vap if it admits the representation 

Qap{z) = J^a/siz) + <PaSa{z}Ial3{z) + Jal3{z)g0{z)'^}) 

The operator ~ valued functions J^at^iz) and lapiz) from Tip into Tip and 'H}-°^\ respec- 
tively, and Ja,f3{z) : U^^^^ Ho and IC^piz) : U'-^^ H^") are called components of 
the function Qafj{z). If Qafi{z) is an integral operator, then its kernel is of the type 
'Dap- 
Let 

N{P.e) = ^(l + |p„|)-«(l + |p^|)-^ 

A function Q{z) of type Vap is said to be a function of class VapiO, fi) if its components 
Tap, lap, Jap and K-ap are integral operators and for the kernels J-'ap{P, P' , z) at 
F, P', AF, AP' e IR^ the estimates 

(4.2) \Tap{P,P\z)\ < cAfiP,e){l+p'/y\ 

l^apiP + AP, P' + AP', z + Az)- T{P, P', z)\ 
< cAA(P,0)(l+p;3')"\|APr + |AP'r + |Azr) 

are valid for a certain c > and, at the same time the kernels Xaj-p{pa, P' , z) , 
>Ja:p,k{P,Pp, ^) and ICa,j;p.k{Pa,p'f3, z) Satisfy the inequalities obtained from ( |4.2| ) and 
(^) by taking, respectively, ka = 0, k'^ = or simultaneously ka — and fc^ — 0. 

Let ^'"•'(z) be the iteration ( 2.1Cl| ) of the absolute term of Eq. (2/7). In contrast to 



Q'-''-'(z) = t(z), the kernels of the operators Q^"'\z), beginning already with n = 1, do 



not include i5-functions. Moreover, it follows from the representation (2.13) for ta{z) 



explicitly manifesting a contribution of the discrete spectrum of the pair subsystems, 
that the matrix elements Q'^^piz), ot,(5 = 1,2,3, of the operators Q*^"-'(2:) for n > 1 
are actually functions of type Vap- Their components ^j^J (z), X^'^ (z), J^l^^z) and 
^a/3(^) at z e C \ [Amin, +oo)are bou nded operators depending on z analytically. 



In the case of the potentials (2.2) and (2.3) at z ^ [A,„in,+oo), the Holder index fi 



of smoothness of their kernels with respect to the variables P, P' ,Pa and is equal 

ap ' -^a,j-P' 



to 1. If n < 3, then, as Imz with Rez € [Amin,+oo), the kernels ^j^J , T-^^^ 
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k' ^^'^ aj-p k ti^ve the so-called minor (three - particle) singularities (see §5 of 
]42| and §2 of Chapter III of [^) which weaken with increasing n. For n > A such 
singularities do not appear at all, and these kernels become Holder functions in all 
their variables including the limit values z = E ± iO, E d {^min, +oo). A more precise 
statement is the following: The operator - valued functions Q^'^^(z) for n > 4, are 
of type VapiO^fi) for Q < < < fi < 1/8 uniformly with respect to z in any 
bounded set of the complex plane C cut along the ray [Amin,+oo). One can take 9, 
9 < 9o, arbitrarily close to 9o- Thus, it is convenient to choose instead of M{z) 
the new unknown yV(z) = M(z)— X]n=o Q^"'H^) satisfying the equation 



(4.4) 



Wiz) = W^°Hz) - t(z)Ro(z)T>V(z) 



analogous to Eq. (2.7) but with another absolute term yV^°)(z) = Q^^^{z). 

The solvability of Eq. (4.4) is established in the Banach space Sg^ whose elements are 
aggregates w = {pi, P2, P3,cri,i, ■ ■ ■ ,cri,ni,cr2,i, ■ ■ ■ ,cr2,n2,<^3,i, ■ ■ ■ ,<^3,n3)^ consisting 
of the functions Pa{P), P G H^, and (Ta,j{Pa)^ Pa & K-'^, a = 1 2, 3, j = 1, 2, . . . , n^. 
The norm ||w||6i/i is defined in Bg^ by 

^ fir 

IIwIUm = XI T7777-ST P»{P) 



a=l 



N{P,9) 



|p„(P + AP)-p„(P)| 



(l + b.|)^^E 



|AP|^ 



The operator — t(z)Ro(z)T in (4.4) corresponds to the operator A(z) in Bofj, the action 
w' = A{z)w of which is defined according to the representation ( 2.12 ) in such a way 
that 

p' = -tRoT(p + $ga), 
a' = $g$*RoT(p + $g(T) 

where g(z) — diag{gi(z), g2iz) , gsiz)} , and p, a and p' , a' stand for the components of 
the elements w and w' , e.g. p = {pi,P2,P3)\ cr = (cti,i, . . . , o-i,„i , cr2,i, . . ., cr2,„2 , 0-3,1 : 

Eq. (4.4) is replaced then with the following equations in Bg^, 

(4.5) Wf,{P',z) ^ w'^^\p',z) + A{z)wp{P',z), /3= 1,2,3, 

(4.6) Wf3.k{p'p,z) = w''^l{p'p,z) + A{z)w,}^k{p'i3,z), P = 1,2,3, 



1, 2,. 



where w^^iP' , z) stands for an element of Be^ consisting of the kernels 
(P, P', z) ^ T^^^ (P, P', z) , (a = 1, 2, 3) , 
'^^IAPc^^P'^^) = JalaiP^^P'^^) (« = 1:2,3, 3 = 1,2,.. 
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of the components JF*^°^(z) and of the function yV*^°)(z) being considered at 

v'^p\{p'fj, z) is an element of Be^ 



fixed (3, P' and z. Analogously, w?^(p^,z) is an element of Bgf_, consisting of the 



kernels 

Pai/Sb-^'.^) = ^i°];;3b",P',^) = 1,2,3), 

<^ij;/3,fe(P"'P/3'^) = ''^ij;/3,fc(P"'P/3'^) (" = 1,2,3, j = 1,2, ...,na), 

of components J^^^''{z) and /C('^'(z) of the function yv'^*'^(z), which are considered at 
fixed P, p'p and z. 

The properties of Eq s. (|4.5| ) and ( [4.6|) are described by Theorems 7.1 and 7.2 of the 
L. D. Faddeev paper |42|. We combine these theorems in the following statement. 

Theorem 4.1. For all z belonging to the complex plane C cut along the ray 
[Ainin,+oo), the operator A.{z) as well as all its powers A.^{z), n — 2,3, are 
defined in Sg^' for 3/2<6<6Q,0<ii<l/8ona dense subset consisting of the ele- 
ments w £ Bofj,' , /i' > /i. If n > 5 then A"'{z) admits a continuation over all Bg^j, as a 
compact operator. A set of values of z where the homogeneous equation w = A{z)w has 
a nontrivial solution coincides, with the possible exception of its limit points, with the 
discrete spectrum ad{H) of the Hamiltonian H . Therefore, the Fredholm alternative 
may be applied to Eqs. ([4.5| ) and ( [l.6| ) and thereby these equations are solvable uniquely 
in Bg^ for any z ^ (7d{H) including the points z — E ± iO, E G (Amin, +oo) \ ad{H). 



Using Theorem [4.l| one can establish as well the properties of the operator M{z) 
itself. The corresponding statement was presented by L. D. Faddeev in j4^. Theo- 
rem 5.1. In our notations it is the following: 



Theorem 4.2. Eq. (2/7) is uniquely solvable at z ^ ad{H). Its solution M{z) 
admits the representation 

3 

(4.7) M{z) = + ■^W' 

n=0 



where the operator - valued function W{z) is holomorphic in the variable z at z ^ ^{H) 
and its components Wai3{z) belong to the classes T>ap{0, fi), 3/2 < 9 < 0o, < /i < 1/8, 
uniformly with respect to z varying in arbitrary bounded set of the complex plane C 
cut along the ray [Amin, +oo) and with removed neighbourhoods of the points of ad{II). 

4.2. Scattering matrices 

Let us begin now by recalling the structure of the three - body scattering operator 
S (see e.g. the book §6 of Chapterl and §3 of Chapter III). We introduce for 
this purpose the operator - valued function T(z), T(z) : Ho (B Hi Ho ®Hi, for 
Z e C \ cr(iJ), 

^ / f]M(z)m nM{z)T^ \ 
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In the following the notation v = diag{wi, W2, W3} will be used. Note that Toq[z) = 
nM(z)il^ = T{z) and Tqq{z) : Hq Ho. The remaining components Tqi{z) : Hi — > 
'^Oi ■ ^0 ~^ T^i a-nd Tii{z) : Tii Hi are expressed by the three -body 

transition operators Q (see also Q) Uo{z) = nM{z)T, = TM{z)n^ and U(z) = 
Tv + TM(z)T: Tqi = C/q*, "^lo = **C^o and Tn = ^*U'i>. The operator r(z) is a 
matrix integral operator with the kernels Tqq(P, P' ,z), Ta^^o{pa, P', z), 7^. p_j{P,p'p, z) 
and Ta,t-i3j{pa,p'p,z) (a = 1,2,3, i = 1,2, . . . ,na, /? = 1,2,3, j = 1,2, . . . ,71/3) the 
properties of which are determined for complex z including the limit points z = E±iO, 
E > Amin by Theorem ^ 

By T{z), T{z) -.HqQHi ^ Hq®Hi we denote the analytic continuation in C"*" (see 
Theorems ^.7| , [4.11| and 4.12) of a matrix operator- valued function of the variable z 



whose components have the following kernels at z = E ±iO 

(f(£;±zO))g„(P,P') = %a{±VEP,±./EP',E±iQ), E > 0; 

{f{E±iQ))^,^^^{P,pfp) = %; p.,{± VEP, ±^E- A^,, p'^,E±iO), E > 0; 

(f(^;±^0))^^.Q(p„,P') - r„,,;o( ± ^E - A„,,p„, ±VEP',E ± iO) , ^ > O; 



{T{E±iO))^,^,^^^{p^,p'l,) = T^,,,p^,{±^/E^J~p^,±^E^X;~p'p,E±iQ), 

E > max{Aa,i, A/jj} . 

We assume by definition that ior z = E ±iQ the product (JTJ'f)(z) coincides with 

/(joroo4)(z) (JoroiJl)(z)\ 

(4.9) (JTjt)(z) = ° ° ^ T(z). 

V(JirioJS)(z) (JirnJl)(z); 

The elements of the matrix (JTJ'f ) (z) are expressed in terms of amplitudes of different 



processes taking place in the three -body system under consideration (see Sec. 10.). 

The three -body scattering operator S is unitary in the space Hq © Hi and has as 
well as T, a natural block structure. The kernels of its components Sqo, So:/3.j, Sct.i;o, 
Sa,i;/3j read, repectively, 

(4.10) Soo(P,P') - (5(P-P') - 27ri,5(p2_p'2)7-oo(P,P',P'2+iO), 

(4.11) SoMP^p'p) = ~2mS{P'-p'^-X0,,)To,p.j{P,p'^,X0,,+p'^!+tO), 

(4.12) Sa,.;o(pa,P') = -2^T^S{\a.,+pl-P'^)Tc,,^■,o{pa,P',P'^+iO), 

^a.i;P,]{Pa,p'p) = Sa/sSijS (p^ - p'/j) - 2TTi S (Xa.i + pI ^ Xp ,j ~ p}) 
X Ta^i.f3,j{Pa,p'i3,>'P^] +Pl+i^) ■ 



(4.13) 



The scattering matrices arise from S in the spectral decomposition of H as operators 
acting in the "cross section" (at fixed energy) of the space Hq(BHi in the von Neumann 
direct integral |Q. As a matter of fact, the extraction of the scattering matrix from S 
corresponds to the replacements |Pp E, Xa.i+Pa — > -E (a = 1, 2, 3, i = 1, 2, . . . , n^) 
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in the expressions (4.1C) - (4.13) and then to the factorization of the dependence of 
the kernels of S on the energies E and E' , 

(4.14) S{E,E') = -Tri6{E - E')d{E)S'{E + iO)d{E') 

where "d^E) is a diagonal matrix - function constructed from the Heaviside unit step 
functions -diE) and d{E - A/jj): ^{E) = diag{i) {E),-&{E - Ai,i), ...,-&{E- Ai,„J, 
d{E-X2,i), ...,i3(£;-A2,„J,7?(£;-A3,i), ...,/(£;-A3,„3)}. At'ze C we understand 
by S'{z) the operator - valued function defined by S'(z) = A^^{z) I + T(z). Hereafter, 
A{z) = dia.g{Ao{z),Ai{z)} with Ao{z) = -iriz^ and Ai{z) = diag {A(i),^(2)^^(3)| 
where 

A^"^(z) = dia,g{Aa.liz), . . . ,Aa,n^iz)} with Aaj{z) = -TTiy^Z- XaJ ■ 

Continuin g the factorization, S'(z) = S{z)A^^{z) ~ A^^{z)S^z), corresponding to 
separate in ( 4.14 ) the multiplier —TTiA^^(E + iO) as a derivative of a measure in the 
von Neumann integral above |Q for Ho © Ti-i , one arrives at the scattering matrices 

(4.15) S{z) = i + (jrjM)(z) and S^z) = i + {A3T3^){z). 

In contrast to ||45|| , it is more convenient for us to use precisely this nonsymmet- 
rical form of the scattering matrices. The matrices S{z) and S^{z) are considered 
as operators in Hq ffi Hi. At z — E + iO, E > these operators are unitary. At 
z — E + iO, E < there are certain truncations of S{z) and S^{z) determined 
by a number of open channels which are unitary in Ho ® Hi; namely, the matri- 
ces S{E) =i + &{E){S{E + iO)-i)^{E) and S^E) =i + &{E){SHE + iO)-i)^{E). 
It follows from Eq. ( [1.15[ ) that the operator T may be considered as a kind of a 
"multichannel T- matrix" (cf. |^) for the system of three particles. 

It should be noted that the matrix T(z) may be replaced in Eq. (4.15) with the ma- 
trix T^{z) obtained from T(z) by the substitution Tv vT (respectively. 



U ^ = vT + TA/T) in the second component of the lower row of (4.8). To 



prove the equality (JT''^J^)(z) = (JTJ^^)(z) it suffices to observe that for z = E ±iO, 
E > Xaj {a = 1, 2, 3, J = 1, 2, ... , n„) 

(4.16) (Ji1'*Tv*j|)(z) = (Ji**vT*j|)(z). 

Indeed, according to Eqs. ( 3.12 ) and ( 3.13|) , 

1 - <5./3 <^^,,(fc<,"'(p;3,P.)) 



(4.17) (rTv*)„,,.^,,(p.,p;3) 



(4.18) i^'vT^U,,3APc.,p'^) = - 



where 



(4.19) ~k^,'\q.q')) = ^2:^i±^, ^, S = 1,2,3, g' G IR^ 
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(we shall suppose later that q^q' G C "^j . One can see easily that the denominators of 
the fractions ( 4.17 ) and ( 4.18 ) coincide on the energy shells \pa\ = \/E — \a,i, \p'p\ — 



,2 , /L(a)^2 



An 



(4.20) 



\Safi\ 



{E — Xa,i + E — A/3 J- 



2Caf3^/E^^i^/E^^{pa,p'0) - slpE) 



Meanwhile, the expression ( 4.201 ) cannot become zero at £^ > Xa,i, E > A/jj (see 
Lemma O). It follows now from Eqs. ( [4.17[ ), ( [4.18[ ) and (KM) that the equality ( |4.16| ) 
is true. 

Along with 5(0) and 5^(z) we shall consider further also the truncated scattering 
matrices 

(4.21) Si{z) = i + {L3T3'fLA){z) and Sj{z) = I + (^LJTJ^L) (z) , 
where the multi - index 



(4.22) 



I — {lo,h, 



7 ^l,ni 7 ^ 



2,1) 



■ , h^n^jh,!, ■ ■ ■ , 13,713) 



has components Iq = or Iq = ±1 and laj = or laj = 1, a = 1, 2, 3, j = 1, 2, . . . , Ua- 
By L and L in (4.21) and in the following we mean the diagonal number matrices 



(4.23) 

and 
(4.24) 



L — diagjZo, ^1,1, • ■ • , ?i,ni I ^2,1, 



I ^2,n2 J ^■ 



3,1, 



L — diag{|Zo|, . . . , ^2,1, • ■ • , ^2,n27 ^3,lj 



1 ^3,T!3} 



I ^3,713} : 



corresponding to the multi-index I. The matrix L is evidently a projection in 'Hq®'Hi 
on the subspace 1-61^ il Iq = Q or on the subspace TLq © TL^^ if Zq 7^ 0. Here H^'' = 
0/„ ,5^0 in both cases. 



As can be seen from formulas ( 4.15 ) and ( [4.q ) the scattering matrices S{z) and 
S'^'(z) include the kernels Maf^{P, P' , z) taken on the energy shells: their ar gume nts 
P eM^' and P' G IR^ are connected with the energy z = E + iOhy Eq. ( [ITsI ) at 
i? > or Eqs. ( ^.16| ) at i? > Aaj-. We estabhsh below [see formula ( [7.34D ] that the 
analytic continuation of the matrix M(z) into unphysical sheets of the energy z is 
expressed in terms of the analytic continuation of the truncated scattering matrices 
Si{z) or Sj{z) and half- on -shell Faddeev components Mapi^z) taken in the physical 
sheet. More precisely, along with Si{z), the final formula ( [7.34| ) includes the matri- 
ces (LoJoM)( z), ( LiJi^*TAf)(z) and {M3lLo)iz), (MT^jJLi) (z). Here, I is the 
multi-index (4.22) and L — diag{io7 -^i}, the respective matrix ( |4.23| ) with Lq = Iq 
and Li = diagj^i^i, . . . , h^m, ■ ■ ■ , h,n2i h,i, ■ ■ ■ , h,nA- 

Further, we formulate some statements (Theorems 4.7 - 4.12| ) concerning the ex- 
istence of an analytic continuation of the above matrices and their domains of holo- 
morphy. Proofs of these statements will be based on analysis |E3 of the Faddeev 



Motovilov, Structure of Three - Body Resolvent in Unphysical Sheets 



167 



equations (2.7). For this, one must pay a special attention to the study of the domains 
of holomorphy in z of the functions 



(4.25) 



with one or both arguments Pq. and situated on the energy shells ( 2.15| ) or ( p. 16 ). 
The functions (4.25) arise when iterating Eq. (2.7) because of the presence of the mul- 
tiplier Rq in the operator — tRoT. Also, the functions ( 4.25| ) display the singularities 
(3.1S ) of the eigenfunctions "0^ j , a = 1, 2, 3, j = 1, 2, . . . , n„. 



In the case where the arguments and/or -p'^ are taken on the shells (2.16), — 
\/z — Xg.i Pa and pjj — z — Xpjp'^, the holomorphy domains of the functions 



( 4.2?: ) with respect to the variable z are described by the following simple lemmas. 



Lemma 4.3. For any p > 0, —1 < i] < 1, the domain 



(4.26) 



Rez > 



A 



4s2 



(Im z) 



contains no roots z of the equation 

(4.27) z - X + p + 2c\/z - Xy/pri - s^; 



0, 



with X < 0, < |c| < 1 and = 1 



For any number z S C outside of the domain 



(4.26) one can always find values of the parameters p > and rj, —1 < r] < 1, such 
that the left-hand side of Eq. (4.27) becomes equal to zero at the point z. 



Lemma 4.4. Consider the equation 
(4.28) z - Xi + z - X2 + 2cV'7^A7y 



z — X2 rj ^ s z — 

= 1 — c^. Then the following 



where rj e [-1, 1], Ai < A2 < 0, < c < 1 and s^ 
assertions hold: 

1) If IA2I > c^|Ai|, then for all 7] G [—1. 1] Eq. (4.25) has a unique root z and this 
root is real. Moreover, z = Zj^ ifv^^j '^^'^ z = z_ if V ^ ^ with 



(4.29) z± 



(1 + - 2c^ri'^) (Ai + A2) ± 2y^d^i^[\i\2 - (A2 - Ai)2c2(l - 772 



(1+C2)2 -4C2772 

Ifr] runs through the interval [—1. 1], the roots z± fill the interval [zit,z,.t\ whose ends 
are 
(4.30) 



and 
(4.31) 



Zrt 



= _[-|Ai|-|A2|-2cv/|Ai|-|A2|] 
= ^[-|Ai|-|A2| + 2cV|Ai|-|A2|], < Ai 



2) // IA2I = c^|Ai|, then Eq. ( f4.28| ) has two real roots: 

a) the root z — Xi existing for all rj ^ [—1, 1]; 

b) the root z — z^ given by (4.29) which exists for —1 < rj <Q only. 
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For z\t — — |Ai| (l + 2c^/s^), — 1 < 77 < 1 these roots together fill the interval 

3) //IA2I < c2|Ai|,. then 

a) fo r -1 < 77 < 77*, 77* = (\/c^ - P \/\ - c'^p)/(cU - p)) and p = |A2|/|Ai|, 
Eq. ( 4.2S ) has t wo re al roots z± given by ( [l.2S| ) which fill the interval [zit,Zrt] with 
ends ( 4.3C ) and ( 4.31 ), Zit < Ai; 

b) f or 77* < 77 < Eq. ( 4.28 ) has two complex roots z± described again by 
Eq. ( 4.2£ ). 7/77 varies, these roots fill an ellipse centered at the point 



|Ai| 



1 



^(l + c2)(l+p) 



The half -axes of this ellipse are given by 

(c2-p)(l-c2p) 



|Al| 



[along the real axis) and 
b = |Ai 



(l+c2)s2(l+p) 
(c2-p)(l-c2p) 



(1 + C2)s2(l _ p)^(l +c2)2 -4c2r/*2 

(along the imaginary axis). The right vertex of the ellipse is located at the point 



M - - 



situated between Ai and A2. Its left vertex is 



IA1I + IA2I 

1 + C2 



= Zr — a < Zr 



Lemma 4.5. Let the parameters of the equation 

(4.32) z - X + ziy + 2c^/^Vz-X ^/l^r] - s'^z = 

satisfy the conditions v S [0,1], 77 G [—1,1], A < 0, c G (0,1) a nd — \ — (? . 

Then, if v and r\ run through the above ranges, the roots z of Eq. ([4.32|) fill the ray 

(— 00, A/(l + c^)] and the circle centered at the point z^ ~ A/(l — c'') the radius of 
which is equal to c^X/{l — c^). 

Also, we shall use 



Lemma 4.6. Let the parameters v' and rj of the equation 

p + zv' + 2c\fz\[v'^r\ — s^z = 

run through the intervals < v' < 1 and — 1 < ?7 < 1, respectively, and c > 0, 
s2 = 1 — c2, z G C be fixed. Then the roots p of this equation fill a set consisting of 
the line segment [0, z] in the complex plane C and a circle centered at the origin, the 
radius of which is equal to c^\z\. 
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4.3. Analytic continuation of the matrices AIT'i'j\, Ji5'*Ti\/ and Tu 

\-oo) where 



Let n^^'"''' be a domain in the complex plane C cut along the ray [An 



the conditions (4.26) with A — Xpj, c — Cap and the inequalities 

1 



(4.33) 



Re z > A/3,j 



«2 7,2 



(Imzy 



are valid simultaneously for all a — 1,2,3, a ^ {3. In the case of the potentials (2.2) 
one has to take b — +oo in ( 4.32 ). 

By TZa,i:i3.j, a P we denot e a d omain complementary in C \ [Amim+oo) to the 
set filled by the roots of Eq. ( [4.2 j ) in the case where Ai = minjAa.i, A^j}, A2 = 
= max{Aa_i, A/3j}, c = |cq/3| and 77 = (j)a,p'p) nms through the interval [—1, 1]. 



Theorem 4.7. The matrix integral operator L'i'Tii{z)L'l, z = E ± iO acting in Tii 
admits analytic continuation in z from the edges of the ray E G (A, +00), 



A = 



max A^ k ■ 



the domain 



(4.34) 



wher 



„(hol) 

'■h'l" 



n T^a,i- 13,3 



n 



n 



n 



diag {lo,l[^i, 
diag {l'^,ll„ 



■ ' n,nii '241 ■ • ■ ! '2,n2' 3,1' 



IJ 



■ I '■2,n2 ' ''3,11 



wiit/i /q = ^0 = 0- The nontrivial kernels [L'iTii{z)L'(^ ^ Jlpa,p'p, z), l'^ ^ ^ 0, 

Z^' j ^ turn out to be functions holomorphic in z G n|,^?/'' and real - analytic with 
respect to Pa,p'p G . 



Remark 4.8. The domains n|^;°'^ and n|»°/'^ coincide, nl/*)?/^ — n|'/°''^- 



If /' = /" 
(4.35) 



I, we use for n[,']°'^ the notation n[''°'\ and we have 



n 



(hoi) 



= n' 



(hoi) 



Theorem 4.9. Let Lq — Iq = 0. Then the matrices (A/T^'j|iyi) (z) and 
(Li Ji4'*TM) (z), z = E zt iO admit analytic continuation in z from the edges of 
the ray E G (A, +00), 



max Xj3j 
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to the domain n|'^°''' \ a-{H) as bounded for z ^ [Amin,+oo) operator - valued functions 
of the variable z, 

{MTm\Lx){z) -.Hi — > Go and (LiJi1'*TM)(z) : — > Ui . 



First we prove Theorem 4.9, then Theorem 4.7 



Proof of Theorem 4.9. We give the proof for the case of the matrix Af T^'J^ii. It 
follows from Theorem 4.1 that the kernels 



{MT^:i\)^,^^{P,p'p,E±iQ) dk'pM^^{P,P\E±iQ)^p,,{k'p), 

of the nontrivial elements (MT\l/j|)^^ ^{E ± iO), a = 1,2, 3, Ipj ^ are defined at 
E > A^j. As a whole, the matrix {MT-^,PLi){z) at z = E ±iO, 

E > X = max , 
satisfies the Faddeev equation(s) 

(4.36) {MT^3lLi)(z) = (tT*jlLi)(z) - (tRoTMT*jlLi) (z) , 

the absolute term tT^fjlLi of which at lp,j ^ has the kernels 



(4.37) 



1 



(l-f^a/s) ■ I " 13 • ta (ka , fc^'^' (pa, ^/ Z ~ Xpj Pp),Z~p^^ 
\Sap\ 



Evidently, these admit analytic continuation in z in the usual sense as smooth (even 
real - analytic) functions of the arguments P G and e S*^ on the domains where 
the respective two -body eigenfunctions 



are regular. The condition of regularity of the functions 'ipf3,j{kp''^^ is equivalent to 
the requirements 



(4.38) k'^f\^z- \i3^,p'f„p^) ^ Xp,, for all p„ G ]R=^ and e 5^ 



As follows from Eqs. ( 4.19| ), the requirements contrary to the conditions ( 4.381 ), are 



equivalent to the conditions (4.27) with A — Xp j, pL — \pq\ , 



and 
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V = (paiP'p)- Thereby, on the basis of Lemma 4.3, we conclude that the inequahties 
(4.35) at Ip^j 7^ are satisfied only if the inequahties ( 4.26D with A — Xfjj, c = Cq,^ are 
vahd. 



In the case of the potentials (2.3), one has to require additionally the variables 



and fci""* to belong to the analyticity strips Wb and W26 of the kernels 



77^) and form factors (j)pj(^kp^'^^, respectively, i.e., 



(4.39) lm~k(£\p^,^z-Xp,,p'f,) 



Im U^\.Jz - Xp^jp'p,pa) 



< 2b. 



At Pa € H^, pp £ S^, the inequalities ( 4.39| ) are certainly satisfied if the conditions 
( [4.33I ) are satisfied. 

Let (A'fT*j|ii)^^.(z) be the (/3,j)-th column of the matrix {MT^'3\Li){z), 

1/3J ^ 0. The kernels [MT^j\Li){z)a;p,j{P,p'j3,z), a = 1,2,3 of its comp onent s 
at fixed p/3 satisfy a respective system of th e Faddeev equations following from ( [4.36 ) . 
As we established, the absolute terms (|4.37 ) of this system admit analytic continuation 
in z from the edges of the ray (Xfj.j, +00) over the whole domain The same may 

be stated also regarding the iterations Q\^^]{z) - {~t{z)Ro{z)Ty\tT^3\Li) .{z). 
Embedding the Faddeev equations for the column (MT\E'J|Li)^ ^{z) into the Banach 
space Bof_i' in the same way as it was done for Eq. ( |2.7| ), one finds that the kernels 
(MT^'J|Li)^.^ ^.(P,p'^, z) may be continued on Ilf'-'^ \ a{H) as analytic functions 
of the variable z for all P E R^, p'p E S'^. It follows from the estimates of the 
rate of decrease of these kernels that they represent the operator (Af T'I'JILi)^ (z): 



Go, bounded for z ^ [Aniin,+oo) U ad{H) and depending analytically on 
z € n^'^'"'-' \ (j{H). Therefore, we have proved the statement of the theorem for the 
matrix (MT^fJ^Li) (z). The statement for (Li Ji\['*TAf) (z) can be established quite 
similarly. 

The proof of Theorem 4.9 is completed. □ 



P r o o f of Theorem [4.7| . Note first that when proving Theorem |4.9| we found out in 
passing that the kernels (Q^"^T'I'j|)^ .{P,pp,E ± iO), E > Xpj, of the operators 



q(")X\E'J| admit already for n = an immediate analytic continuation on the domain 



of z € n^'^'"''' as real - analytic functions of the variables P G K'' and e S^. The 
same may be stated as well for the kernels (Ji**TQ("))^j; „(p^, P' , E±iO), E > Xp^j, 
of the operators Ji\E'*TQ(") when continuing them in u!f'-'K 
On the basis of this note one may consider the relation 

+ L[3i^*T (t - tRoTt + tRoTA/TRot) T^jjL'/ , 

following from Eq. ( |2.9| ) at m = n = and 

L[ = diag {Z'j . . . , ^2,1, 
T" — r\\ao-Il" I" I" 



(4.40) 



I '2,n2' '3,11 



1" 1" 

' '2,n2' 3,li 



■ ' ^3,n3 } 
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as a representation for analytic continuation of the matrix L[TiiL" : TLi Tii in 
terms of the operator M{z) with the kernels MapiP, P' , z), the arguments P and P' 
of which are real, P,P' G Additionally, one knows already that the summand 
L[3i^/*TQT'93\l'( with Q = tRoTA/TRot admits analytic continuation in z on the 
domain 

as a matrix integral operator in Tii, since the operators L\3\^*Tt and tT^3\L'[ may 
be continued on this domain. Now, one only has to find a domain of holomorphy for 



the rest of the summands in (4.41) 
The nontrivial kernels 

it r" 



(4.41) {L\3^^*Twm\L'[)^^,^p^,V!i,z), l'^^, ^0, 1%.^ ^0, p„ e e , 



of the first summand in ( 4.41 ) look like ( 1.17 ) where one has to takepa = \J z — Xa,i Pa, 
P'/3 ~ V ~ ^0^3 P'p- Furthermore, the functions have to be replaced with 

their analytic continuations (j)a iik^^\ in a domain of complex It is clear that the 



kernels (4.41) are holomorphic in that domain of the variable z where their denomi- 
nators (4.20) can be equal to zero for no Pa,p'/^ S S^. This domain is described by 
Lemma 4.4. It follows from Eq. (4.17) in accordance with this lemma that the kernel 
(4.41) is a holomorphic function of z in the domain TZa,i-f3,j- 

In the case of the potentials ( |2.3| ) we require additionally the arguments k!£\pa,p'p) 
and V"^\p'p,pa) of the formfactors (pa^i and to belong at pa — \/ z — Xa.iPa and 
\J z — Xpjp'p to the holomorphy strips W2b- Note meanwhile that if Ai < A2 



then Im ^/z~~Xi < Im ^/z'- 
are satisfied at 



A2. Thus, the conditions |lmA:i'^^| < 2b, 



Imfc^"^| < 2b 



(4.42) 



Rez > A - 



{Imzf 



where A — max{Act,i, A/jj}. Since 1 + \cai3\ < 2, the inequalities ( 4.42 ) are obeyed 
automatically if 



z e 



n n, 



The two remaining terms, L'^ Ji**TtT1'JjL'/ and L'^ Ji^'*TtRoTtT*JjL'/, have 
respectively the kernels 



(4.43) 



E 



1 



dq (k^^^ {Pa, ?)) 1^0,] {k^ {p'p, q)) 



X try (E"^ (<7, Pa), ^7*^ iq,P'0),z-q^) 
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and 



E 



(4.44) 



7 # a. S^l3 



dq / dg'^«,i(fci'^'(Pa,q)) ^/'/3j(fc^*^(p^,g)) 



t^[ki^'(q,Pa),k\ '(g,q'),z- q^) ■ ts{ky' (g,q'),k\ '{q ,p'p),z- q ) 
g2 + Q'2-2c^i(?,g')-s^,^ 



Here one has to take Pa — \/ z — Xa^iPa, and = \J z — A^j p^, as well as to assume 
that the indices (a, i) and (/3, j) are such that ^ ^ and ^- 7^ 0. The kernels above 
turn out to be holomorphic functions of z on a set where the conditions 



are satisfied for any 7 ^ a, <5 /3, g, 9' G M'^ and PajP'p G 5'^. With respect to the 
variables , , the kernels (4.43) and (4.44) are real - analytic with these conditions. 



Besides, in the case of the potentials (2.3), the arguments of the functions ipa,i and 
ip0j have to belong to the strip 14^26, and the respective arguments of the T- matrices 
tj and ts to the strip Wb- It is easily to check that the mentioned conditions are 
satisfied for all the kernels ( |4.43| ) and ( [4.44| ) if 



z e 



n 



n 



This completes the proof of Theorem 4.7 



□ 



4.4. Analytic continuation of the matrices JqM and AfjJ, JoAf jj and Tq 



JoMT^-jI and Ji^'*TAf jj, 



00? 



Continuation of the half-on-shell matrices {3oM){z), (^M3q){z), z = E±iO, 
E > 0, into a domain of complex z is considered in the sense of distributions over 
©(C^). For example, in the case of MjJ we consider continuation of the bilinear 
form 



{F, {M3l)iE±iO)) = y2 f dP f dP'F^iP)M^0{P,±VEP',E±iO)fp{P') 



where F = (^1,^2,^3) with F^ e 0(C*^) and / = (/i, /2, /a) with /„ e TYq. 

When constructing continuation of this form and the form for {JqM){E ± iO), we 
rely on Lemmas 4.5 and i.d describing domains of holomorphy of the funct ion (|4.25| ) 
in the case where the argument P' belongs to the three -body energy shell (2.15) and 
therefore = ^fzv'p'^ with v' G [0, 1]. Using the statements of these lemmas we 
introduce the following definition. 
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Let n^°''*, n^^"** cC*, be domains complementary in C * to the totahty of circles 
having radii r — c^^|Aqj|/(1 — c^^) and centered at the points Zc — Xa,j/{)^ ~ c^p) 
where a, /3 = 1, 2, 3, (3 ^ a, and j — 1,2, . . . ,na 



In the case of the potentials (2.3) the domain 11^°''* has to satisfy for both signs "- 



and "— " the following extra conditions 



(4.45) Re z > - + (Im zf 



for all a, ^ = 1,2,3, /5 ^ a. 



Theorem 4.10. The kernels of the matrices (Af Jq)(2;) and {3qM){z), z = E±iO, 
E > 0, admit analytic continuation in z on the domains nj,*'^''' and H^"^ , n^''''^ C 
C^, respectively. The continuation of the kernels of the matrices (Q'-"'' Jq)(-z) and 



(JoS''"'')(z) {n < 3) included in the representation (4.7) for M{z) has to be understood 
in the sense of distributions over C'(C^). At the same time the kernels 

J^a/3{P,VzP',z) , Ia,j:p{pa,\fzP\z), 
(4.46) Ja-l3^k{P,\fz^p'lj,z), JCa,j-l3^k{Pa,\fz^p'f3iZ) 

a, /? = 1, 2, 3, j = 1, 2, . . . , , /c = 1, 2, . . . , , 

of the matrices (Q^"-'Jq)(z) {n > 4) and (yVjJ)(z) as well as the kernels 

^^^^^ Ta0{y/zP,P',z) , Ia,y,p{y/zy^Pa,P',z) , 

Ja-I3,k{\fz P,p'l3,z) , ICaJ;P,k{V^V^Pa,Pp,z) 

of the matrices (JoQ^"^)(z) {n > 4) and {JoW){z) can be continued on the domains 
n[''^^ as usual holomorphic functions of the variable z. Being Holder functions of the 
variables P' e or Viy'p'p, < j^' < 1, G 5*^ [P & S"^ or y/Vpa, < ly < I, 
Pa G 'S'^] with index /i' G (0, 1/8), the kernels ( 4.46| ) [the kernels ( 4.47 )] considered as 



functions of P G ]R^ Pa S {P' S IR^, p'p e H^), can be embedded in their totality 
in Bdfj, with and fi being arbitrary numbers such that 9 G (3/2, 0o) o-nd fi G (0, 1/8). 
For I lmz\ > 5 > one can take fi = 1. 



Proof. Let us use the equations (2.£) for m, n > 4 keeping in mind that continuation 
of the kernels of (JoQ^™^)(z) and (Q(")jJ,)(2) for m, n < 3 is realized in the sense 
of distributions. At the same time, for m,n > 4 one can attach to the products 
(JoQ^"^)(z) and (Q(")jJ)(z) an operator sense, (JoQ(™^)(z) : Go Go, {Q^"^3l){z) : 



Go Go- Thus, as in the case of ( 4.41 ) one may use Eqs. ( p.9[ ) as an instrument to 
obtain representations for the half-on-shell kernels {3oM){z), (A/J|!))(z) as well as 
for the on -shell kernels Tqq{z), Tqi(z) and Tig in terms of the Faddeev components 
Ma0{P, P', z) with real P, P' G IR^ 
The exposition will be given for the case of the matrices (MjJ) (z). 



Motovilov, Structure of Three - Body Resolvent in Unphysical Sheets 



175 



First, we find easily that continuation on n["''* of the form 

a 

for the matrix (taJo)(^) is described by the equahties 
(F„,(t„4)(z)/„) 

(4.48) = [ dka [ dk'^ [ dp'^ I ' doo'^sm^ uj'^cos^ lu'^ 

Jtr^ Js^ Js^ Jo 

where , fc^ , p'^ are hyperspherical coordinates Q of the point P' e ,uj'^ G [0, 7r/2] , 
fc^, p'a G 5*2. Note that 

P' = {cosoj'Ji'^.siTLUj'^p'^} while dP' = s\v? oj'^cos^ uj'^duj'^dk'^ dp' ^ 

is a measure on S*^. A holomorphy domain of the function (Fq,, (tQ,jJ)(z)/) can be 
found from the conditions that the poles of the T- matrix ta{- , ■ ,zcos^lo'^) corre- 
sponding to the discrete spectrum of the Hamiltonian do not manifest themselves. 
In other words, one has to require the equalities 

(4.49) zcos^cj^, = A„j , a = 1, 2, 3, j = 1, 2, . . . , n„ , 

to take place for no uj'^ G [0,7r/2]. Evidently, the las t req uirement is equivalent to 
making a cut along the ray (— oo,Aniax]- The poles ( 4.49 ) generate in (|4.48|) some 
i nteg rals of the Cauchy type analogous to (3^). Thus, a continuation of the func tion 
( 4.4^ ) through the cut (— oo,A,nax] may be described using the representations (3.3) 
while each point \a.j, j = 1,2, turns into a branch point of the Riemann 

surface of the function ( 4.4g ) . 

In the case of the potentials ( ^.3| ), additionally to the cut (— oo, Amax], there appear 
additional restrictions on the domain of holomorphy of this function following from a 
requirement for the second argument of the T- matrix ta to belong to the strip Wb, 
I Im v^cosw^fc^l < b for all lu'^ G [0,7r/2], k'^ G S^. This means that z has to be such 
that I Im^il < 6, i. e., z G Vb [see Eq. (U|)]. 

Note that for z ^ X ± iO, X < A^ax one can substitute any element / G Tio in the 
form ( pl8| ). 

We shall consider formulas (4.4? ) with a = 1, 2, 3 as a definition of analytic continua- 
tion of the matrix (tjj) (z) on a domain of complex z. Up to now, we have established 
that immediate continuation of (tjQ)(z) described by the formulas (4.48) is possible 
on the domain Vb \ (— oo, Amax]- 

Further, using Lemma |4.6| we find that the analytic continuation of the form 
(F, (Q'^-* JJ) {E ± iO)f) on a domain of complex z G C * is given by 

(4.50) (F,(Q«4)(z)/) = Qt4^) + Qtf>(^) 

a, (3, 
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where 



1 

IR3 S2 S2 S2 

1 



(4.51) 



and 



/■ , / AT /-; -Fa{ka,^/z^/upa) ■ //3(\/l - v' Vv' ff) 

X f au \ u' yl — v' -j=^ 

X t0{kj^\y^VT^p'p,^/z^/ly■pa),^/z^/l - v' kp,z{l - 1^')) 

±^ • J dka Jdpa J dk'p j dpp j dp^fp 



IR3 S2 S2 S2 

(4-52) /• ^ — ^ F„(fc„,±7pp„)./^(VT^^;3,v^p;5) 

X I dv \/v' V 1 — s -j=^, ^-T 5^ — 

X ta{ka,ki^\±^Pa,^/zVl7p' p),Z- p) 

X i/3 (fc^"' (\/z Vl^P^, ±^/PPa) ,^/zy/l - ly' k'fj, z(l - I/')) . 

Here, by (r^) we understand the path of integration beginning at the point z 
and going clockwise (counterclockwise) along the circumference C\z\ having radius \z\ 
and centered in the origin. After the path crosses the real axis, it goes further along 
this axis so that the rest of r+ consists of the points p — X + iO {p = X — iO), 

X G {\z\, +oo). It should be noted that as Tf one can also choose arbitrary equivalent 
paths having no intersections with the line segment [0, z] except at the point z and with 
the circle of radius c^^|z| centered at the origin which are spoken about in Lemma 4.6 . 

One can find easily that if f{P) is a Holder function with the smoothness index p > 
then the functions Qi^isi^) ^^'^ Qtapi-^) [Qiapi'^) ^^'^ Q2 af3i'^)] holomorphic in 
a domain of the upper half- plane [of the lower half- plane C~], a boundary of 
which is determined by the numerators of the integrands in (4.51) and (4.52). In the 
case of the functions Q^cipi-^) this fact docs not require special explanation. 

Concerning the functions QJq,^(^) we find that, according to Lemma 4.6, the de- 
nominators of the respective expressions under the integration signs may become zero 
for p = z only. The latter is possible for the points corresponding to v' = c^^ and 
77 = {pa,p'f-t) = — 1. Consequently, it suffices to check holomorphy of the integral in a 
small vicinity of this point; namely, the integral 

^=03+^ -l+S z+zQ 

B(z) = f d.' f dr, f dp fi-'^V,P,z) 



p + zv' ~ 2cap ^/z ^Vv'-q - slpZ 
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where / stands for the numerator of Q2af3i^) C is a certain complex number, 
< ICI < 1, argC ~ — — . At the same time e, 6 are sufficiently small positive numbers, 
< £ < min {c^^, s^^} and < S < 1. 

Let us rewrite / in the form f{v',rj,p,z) = /(c^,— l,z,z) + 6/(1/' ,7], p, z). Since 
Sf{c^, —l,z,z) — 0, a contribution of the summand Sf to B is a holomorphic function. 
In the term generated by the summand f{c^,—\,z,z), the latter may be transferred 
through the integration sign. Making the substitution p = zv' in the remaining integral 
one gets 

-1+5 1+C 

B{z) = i \ dv \ dri \ dv' 



z 

where the integral converges being independent of z at all. 

Thus, we show the form ^i^Q, (S'^' Jo)q/3(-^ ^ *0)//9) admits, in correspondence 
with the sign "±" , analytic continuation in z both in C ^ and C ^ on the domains of 
holomorphy of the above nominators. 

Boundaries of these domains are found from those requirements that the poles of 
the T - matric es ia(', ■,^(1 — v)) and t/3(-, •,2;(1 — j/')) which are present in the 
integral ( 1.51 ) do not appear in the above domains. Also, we require the sam e for 
the poles of the T - matrices ^q, ( • , • , z — p) which appear in the integral ( 1.5S ) . If 
z ^ (— 00, Amax] then the conditions z{\ — v) — Xaj, J = li2, . . . z(l — v') = 
~ Xfj.k, k = 1,2, . . . ,np oi appearance of the poles of the T-matrices ta{ ■ , ■ , z{l — iy)) 
andi^(-, •, z(l — j^')) are valid for no v,v' ^ [0, 1]. The appearance conditions z — p = 
Aqj, j = 1,2, . . . , Ua, of the poles of ta{ ■ , ■ , z— p) may be realized only if the paths 
include more than one fourth of the circumference C\z\- However, their contribution 
to Q2 [z] arising when the points p = z — Xaj cross the contours may always 
be taken into account using the residue theorem. We shall not present here respective 
formulas. Note only that taking residues at the points p — z ~ X^j transforms the 
minor three-body pole singularities of the integrand of Q2 af}^'^) i'^^o those of type 
(2; — Aq J- + zv' — 2cafi\fz \J z — Xa.j V — s^^z) ^ ■ The location of such singularities 

is described by Lemma 1^. As a res ult o ne finds that there are sets which 
are holomo rphy domains of the form ( 1.50 ). It should be noted only that the extra 
conditions ( 4.45 ) arise as a result of the requirements 

\luik^£\^ y/iypa,y/zv' p'ij)\ < b, \lTaUp\^/z\/l/ pp,^/zvpa)\ < h, 

\lmk'i\± ^Pa,^/zv' p'p)\ < b, \luik''^\y/zVi7pi;^,±y^ppa)\ < b, 
where ly, v' £ [0, 1], Pa,P^ G 5*^, p G Fj, and the condition 



\lm{^/l^/Y^k'p)\ < b, k'p (£ S"^ 

which have to be satisfied for the arguments of the T-matrices ta and tf^ appearing in 
the expressions of Q^^p and Q2 under the integration signs (since these arguments 
have to belong to the analyticity strip Wb). 
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The matrix (Q(^)jJ)(z), z ^ E ± iO, E > 0, corresponding to the second iteration 
of the absolute term of (^j^) , has the kernels 



where 



17/3,1 

1 



(4.53) 



t^{k!f\q,Pa), U^\q,p'0),z- q^) 



{pI + q^ - 2CajiPa,q) - sl^z) {p'p + g2 - 2c/3^(p^, q) - s^^z) 
X tp{U^\p'p,q),k'p,z-p'p^) 

with ^ ^ a, ^ ^ 13 and P' = ±\/EP' . The existence of analytic continuation of these 
kernels onto domains n^°''* may be proved, in the sense of distributions over C'(C^), 
following the same scheme as for the kernels of the matrix (Q*^^^ Jq) (z). However, it 
follows from the results of [Q, |Q that these kernels have "better" properties than 
those of (Q*-^-* jj) {z). We have in mind now the fact that the components !Fafj{P^ P' , z), 

^a,r,f3{Pa,P',z), Ja;f3,k{P,p'/3,z) and ICa,j-f3,k{Pa,p'/3,z), P, P' G IR-'^ , PcP'p G IR^, 

of the iteration Q'^^(z) of the absolute term of Eq. ( |2.7|) turn out to be functions 
having weaker singularities than the components of Q^^'{z). In particular, the main 
singularities of the kernel TapiP, P' , z) are described by 

(4.54) ^ {f (a) ln{^+^ + D)- f (b) In {V^ + VC - D)} 

with a = Ca-,Pa, b = cp^p'^^, ^ = sl^{z - pI), ( = s^^iz - p'^) and D = A/(a- b)^ 
for 7 ^ a, 7 ^ /?. The notation f (g) is used here for the numerator of the expression 
under the integration sign in ( 1.54| ) after the replacements ia and tp tp. The 



expressions for the main singularities of the kernels Xa,j; fsiPa, P', z), J^a;/3,kiP,p'i3 



z 



and ICaj- p^k(j>a,p'p, z) may also be represented in the form (4.54) but one has to 
take f(g) as the numerator of the expression in ( 4.54 ) replacing ta 4>a(ka\pa,q)) 
and/or tp 4'p{k^p'\p'p,q)) . It should be emphasized that the singularities ( 4.54 ) 



only appear for p\ < \z\ simultaneously with p'^ < l^j. 

Thereby, when continuing the form (F, (Q'^' JJ)) (z)/) we get for it the representa- 
tions which differ from ( [I.5C ) - (4.52) mainly in the replacement of the distributions 



[z(y + v' — 2cap ^/v (j)a,p'p) — 5^/5 T*0) } ^,0<i^<l,0< ;/'<!, with functions 
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singular like 

1 



(4.55) 



X 



In 



The kernels T^fsiP, P' , z) , la.j- fiiPa, P' , z), Ja;f3,k{P,p'i3,z), and Ka,j-i3,k{pa,p'p,z) 
of the iteration Q^^^(z) = (— t(z)Ro(2;)T)^ t(z) are still singular. Though their sin- 
gularities are weak we understand the continuation of the kernels (Q^^-'Jq)(z) on the 
domains n['^''* as before in the sense of distributions over O(C^). So, we realize this 
continuation following the same scheme as for the continuation of (Q*-^-* Jq) (z) and 

As mentioned above, the components TapiP, P', z), Ja.j-.fiiPa, P',z), J^a- fS.kiP^p'p, z), 
and K-aj- i3,kiPa:P'i3, z) of the subsequent iterations turn out to have no sin- 

gularities. 

Using the representations for the three -body singularities of Q'--^\z), one can show 
that the kernels Taf){P,y/zP' ,z), Ia,j-p{pa,^/zP',z), Ja-p,k{P,^/zVv'p'p,z) and 
^a.j;(}.k{pa-,\fz\fv'p'pTz}j being components of the matrix (Q'*' jj) (z), turn out at 
F e ]R^, p„ e ]R^, P' e S"^, e 52 and < i^' < 1 to be holomorphic functions of 

z e n["''*. The aggregate of these kernels may be embedded for fixed P', and v' 
into the Banach space S^^, d < Oq, < 1/8. And this aggregate becomes a function 
continuous in z with respect to the norm in Be^, right up to the edges of the cut 
z = E zL iO, E > 0. All the subsequent iterations (Q("^Jq)(z), n > 5, possess this 
property, too. 

Assertions similar to those obtained concerning the continuation of the matrices 
(Q^"^jJ)(z) also hold as well for the matrices (JoQ("))(z). 



Now, we use the equations (2.9) for TO,n > 4 and thereby complete the proof. □ 



In the same way as Theorems 4.7 - 4.10, the two following assertions may be proved. 



Theorem 4.11. The matrix (JoA/jJ)(z) {the operator (JoTjJ)(z)) admits analytic 
continuation in z from the edges of the cut z = E ± iO, E > 0, to the domains 
as a bounded operator in Qq (inTCo). In addition, (JgAf Jq)(z), z G Ilj^^ 



admits the representation [cf. (4.7)] 



(JoM4)(z) = 5](JoQ(")4)(z)+(JoW4)(z). 

The operators (JoQ'"' Jq) (z) and (JoS'-^'^^'Jo) (z) are bounded matrix operators in Qq 
with singular kernels. Having weakly singular kernels, the matrices (JoQ*-"-* Jq) (z), 
n — 2,3, are compact operators in Qq. The kernels of the matrix (JoWJj)(z) are 
Holder functions of their arguments with the smoothness index /i € (0, 1/8). 
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Theorem 4.12. The operators 

(JoMT*j1)(2) : Hi ^ Go, (Ji**Tm4)(z) : Go ^ Hi , 

%i{z) : Hi — > Hq , Tioiz) ■ Hq — > Hi 

admit analytic continuation from the edges of the cut z — E ± iO, E > 0, onto 
the domains H^*'^^ C including the points z G n[*'''^p|^ ^ 11^'^'"''' satisfying the 
additional conditions 

for any /3,7 — 1,2,3, (3 7^ 7, and j = 1,2, .. . ,rt^. For all z G n[*'''^ including the 
boundary points z = E ± iO, E > 0, these operators are compact. 



As a comment to Theorem 4.11 we present explicit formulas for the kernels of the 
operators (JoQ^^^jJ,) (2) and {3^^^'> jI) (z) . 



The kernels of the first operator have the form 

)q/3 



JoS(°^4)„.(P,P',z) = Sc.fi{JoU3l){P,P',z), a,P= 1,2,3. 



where 

^^^Q^ (Jotajj) (P,P',z) = ta{y^COSUJaka,y/zCOSUj'ak'a,ZCOS^UJa) 

X d{y^sillUJaPa - \/zSmUj'aPa) ■ 

Here, to a, k^, Pa and w^, fc^, are coordinates of the points P = {ka,Pa} and 
P' = {^Qi-Pa} Oil the hypersphere S^. We mean here that 

fA K'7\ r ■ - r ■ Q- T Kv-,v')^(.^ - <^') 

(4.57) o(vzsmijjp— vzsmtj p j = Signlmz 



sm tjcosw 



where 6{p,p') is the kernel of the identity operator in L2{S^^. The denominator 

(y/z)^ sin^ to cos Lu of the right-hand side of Eq. ( 4.57 ) represents the analytic contin- 
uation of the Jacobian corresponding to respective substitution of variables. 
Therefore the operator (JotQjJ)(z) acts at Imz 7^ on / e Ho as 

((joWt)(.)/)(P) = ^}f^. [dK 

(4.58) X cos UJa ka, 's/z COS UJ a k'o^, Z COS^ Wq,) 

X /(cosa;Qfc^,sinWaPQ). 
The operators (JqQ'^^ Jq) (z), z e H^"^''', have the kernels 

(Joy' 'joj^^(p,-p • 
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where ka = ~ vka, k'^ = - i^' k'^, ki^^ = ]t'a\~^^pa, \fz\fv'v'f^ 

and fc^"-* = fc^"-* {yfz \fi7 p'p^ ^/z \pyf)a) ■ At the same time v = sin^ and v' — sin^ iv'^. 

The main sing ularities of the kernels (JoQ^^^ P', z) in P, P' are described 

by Eqs. (4.55). The sing ularities of the kernels (JqQ'^' J5)^^(P, P', z) are weaker. 
Later, we shall use the notation 



(4.59) 



n 



(hoi) 



n 



(0)± 



n n' 



(hoi) 



with Iq : 

(hoi) 

i(l)i<l) 



ill ^a.j 

h.l, ■ ■ ■ J: 



n 



3,113 J 



were defined by 



where/* = (/J, /i i, . . . , , Z2,l, ■ • ■ , /2,t12: ^3,1: ■ ■ ■ j ^3,n3, 

a = 1,2,3, j = 1,2, . . . ,na, and /(^^ = (O, . . -Ji^m^h,! 
with the Sciiii6 in R,GiTiGnibGr ttis-t tliG sets 11.^) = 

Eqs. ( Fsil) . 

As follows from Theorems 4.7, 4.11 and 4.12| , the total three-body scattering matrix 
S{z), z — EztiO, E > 0, admits the analytic continuation as a holomorphic operator- 
valued function S{z) : Hq © Hi — > Ho © Hi on the domain n[+°''' C C'^. For any 
z e n|','°'^ the operator S{z) is bounded. In equal degree the same is true for S^{z). 



5. Description of (part of) the three-body Riemann surface 



By the three - body energy Riemann surface we mean the Riemann surface of the 
kernel R{P, P' , z) of the resolvent R{z) of the Hamiltonian H consideration as a func- 
tion of the parameter z, the energy of the three -body system. 

One has to expect that this surface, like that of the free Green function Ro{P, P' , z), 
consists of an infinite number of sheets already because the threshold z = is a 
logarithmic branching point. Actually the Riemann surface of R{P, P' , z) is much more 
complicated than that of Rq{P, P' , z), since besides z = it has a lot of additional 
branching points. For example, the two-body thresholds z = Xa,j, ct = 1,2,3, j = 
1,2, . . . , no. become square root branching points of this surface. Also, the resonances 
of pair subsystems turn into such points. Extra branching points are generated by 
boundaries of the supports of the function (4.25) singularities which were described in 
Lemmas 4.3, 4.4 and 4.5. 

In the present paper we restrict ourselves to consider only of a "small" part of 
the total three -body Riemann surface for which we succeeded to find the explicit 
representations expressing analytic continuation of the Green function P',z), 
the kernels of the matrix M(z), as well as the scattering matrix S{z) in terms of the 
physical sheet [see respective formulas ( 7.34 ), ( B.l) and (9.1)]. Namely, in the Riemann 
surface of R{P,P',z) we consider two neighboring "three-body" unphysical sheets 
immediately joint with the physical one along the three - body branch of the continuous 
spectrum [0, +oo). In addition, we examine all the "two -body" unphysical sheets, 
i. e., the sheets where the parameter z may be carried if going around the two -body 
thresholds z = Xaj, a — 1,2,3, j = 1,2, . . . ,na, is permitted but crossing the 
ray [0, +00) is forbidden. Evidently, the part of the three -body surface described 
includes all the sheets neighboring the physical one. The neighboring sheets are of most 
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interest in applications, since only resonances situated on these ones are accessible for 
immediate experimental observation. 

We give a concrete description of the part under consideration using the auxiliary 
vector -function f{z) = {fo{z),h{z),h{z),h{z)), where fo{z) = Inar while 

f„(z) = {{z - A«,l)l/^ (z - A«,2)'/', ...,{z- A«,„Ji/2) , a = 1, 2, 3 , 

are again vector functions. 

The Riemann surface of f (z) consists of an infinite number of copies of the complex 
plane (D' cut along the ray [Amin, +oo). These sheets are pasted together in a suitable 

way along edges of the cut segments between neighboring points in the set of thresholds 
Xaj, a = 1, 2, 3, j = 1, 2, . . . ,na and Aq = 0. The sheets ^ioiii2i3 are identified by in- 

1 /2 

dices of branches of the functions fo{z) =\nz and ^a,j{z) = (z — Xaj) in such a man- 
ner that ^0 is integer and la, a = 1, 2, 3 are multi- indices, la — {la.i, Iq.2, • • ■ , ^a,na)) 
la,j = 0, 1. For the main branch of the function fa,j{z), a = 1, 2, 3, j = 1, 2, . . . 
we take la,j = 0, and otherwise la,j = 1- In case there exist coinciding thresholds, 
i.e., Xa,i = Xf3,j at a P and/or i ^ j (this moans that the discrete spectra of the 
pair Hamiltonians coincide at least partly for two pair subsystems or at least one of 
the pair subsystems has a multiple discrete spectrum), then for each sheet Higi^i^i^ the 
indices la.i and Ipj coincide too, la,i=l(3,j- As Iq we choose the number of the func- 
tion Inz branch, Inz = \n\z\ + i(po + i^nlo with ip^, the argument oi z, z = \z\ e^^° , 
G [0, 27r). The sheets ^i^iMi are pasted together (along edges of the cut) in such a 
way that if the parameter z going from the sheet ^iahi2i3 crosses the interval between 
two neighboring thresholds A^,, and Xj3,j, Xa,i < Xf3j (or A,„ax and Ao) then it goes over 
the sheet 11;/^;/^;^;^ where the indices l^^k corresponding to A^^^ < Xa.i (X-y^k < Amax) 
changed by 1. If l^^k = 0, then l'^ j. = 1; if l^^k = 1, then l'^ ^ = 0. The indices l-y^k 
for A-y,fc > Xa,i and Iq stay unchanged: l'^ ^ ~ ^7.^' — ^o- In case the parameter z 
crosses the cut on the right from the three -body threshold Aq (at E > Aq), then all 
the indices l-y_k change as it was described above. In addition, the index changes by 
1, too. If at that, z crosses the cut from below, then I'q = Iq + I. Otherwise = Iq — I- 
Further, by l we denote the multi -index I = {lo,h,l2, h)- 

Thus, we have described the Riemann surface of the auxiliary vector - function f{z). 

As mentioned above we shall consider only a part of the three -body Riemann 
surface which will be denoted by Jf . We include in SR all the sheets 11; of the Riemann 
surface of the fmiction f (z) with Iq = 0. Also, we include in 5R the upper half plane 
Imz > of the sheet 11; with Iq = +1 and the lower half- plane Im2; < of the 
sheet 11; with Iq = —1. For these parts we keep the previous notations 11;, Iq = ±1, 
assuming additionally that the cuts are made on them along the rays belonging to 
the set Zrcs = Ua=i ^^cJ ■ Here, Z^cJ = {z : z = Zrp, 1 < p < +oo, Zr € aics} is a 
totality of the rays beginning at the resonances Zr G Ures^ of the pair subsystem a and 
going to infinity in the directions Zr = Zr/\zr\- 

The sheet 11; for which all the components of the multi index I arc zero. Iq = laj = 
= 0, a = 1,2, 3, j = 1,2, . . . ,na, is called the physical sheet. The unphysical sheets 
11; with lo =0 are called the two -body sheets since these ones may be reached by only 
going aroimd two -body thresholds and it is not necessary to bypass the three -body 
threshold Aq- The sheets 11; at Iq = ±1 are called the three -body sheets. 
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6. Analytic continuation of the Faddeev integral equations into 
unphysical sheets 

A goal of the present section consists in a continuation into the unphysical sheets 
of the surface of the absolute terms and kernels of the Faddeev equations (2.7) 
and their iterations. Continuation is realized in the sense of generalized functions 
(distributions) over ©(C^). Results of the continuation are represented in terms 
related to the physical sheet only. 

By L^") — L("^(Z), we denote the diagonal matrices formed of components 
la,2, • ■ • J la.ria of multi ~ indcx I of the sheet 11; C 3?: 

= diag{la,lja,2, ■ ■ ■ Ja,nA ■ 

Meanwhile Li{l) = diag {i^i), ^(3)} and L{1) = diag{Lo,Li} with La = Iq. 
Analogously, 

A(")(z) = diag{A„,i(z),A„,2, ...,A„,„Jz)}, 
Ai{z) = diag{A(i)(z),A(2)(z),yl(3)(z)}. 

Thus A{z) = diag{Ao(z), Ai(z)}. 
By Saj{z) we understand an operator defined in TCq by 

(6.1) Sa.iiz) ^ io + 3o{z)ta{z)jl{z)Ao{z)Lo, z G Hq . 



It follows from Eq. (6.1) that Sq,^; = Iq at Iq — 0. If Iq ~ ±1, then, according to 
Eqs. (4^) - (158), the operator Sq i{z) is defined for z G T'fo n C"*" acting on f e Hq 

by 

(6.2) (sa,/(z)/)(P) = / dfc'sa(fca, A:^,zcos^cj)/(cosWaA:^,sinWaPa) 

where Wq, fc^, "Pa stand for the coordinates of the point P on the hypersphere 
S^, oja € [0,7r/2], kg, P a G S"^ and P = {cosojaka, sinujaPa}- By Set we denote the 
scattering matrix ( |3.10| ) for the pair subsystem a. Here we have taken into account 
the fact that • Sign Im z ~ \ both for = 1 and Zq = ~ 1 • Recall that ai Iq = \ the 
set 11; represents the upper half- plane and at lo — —1, the lower one (in accordance 
with our choice in Sec. 5 of the part 3? of a total Riemann surface in the problem 
of three particles). Therefore, one can see that the operators s^.i are described by 
the same formula ( |6.2[ ) in both three -body sheets 11;, Zq = il- As a matter of fact, 
Sa,; represents the pair scattering matrix Sa rewritten in the three -body momentum 
space. 

It follows immediately from Eq. (3.2) that if z G Pfc n C * \ Zrra\ then the bounded 
inverse operator s~^(z) exists and 



{s^\{z)f){P) = / dk' Sg'^(ka, kg, Z COS^ Ua)f{cOSUJak'g,sinUJaPa) 

with (k, k' , C) the kernel of the inverse scattering matrix s~^((). 
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The operator s^\{z) becomes unbounded at the boundary points z situated on the 
Iges of the cuts (the "resonance" rays) included in zi-cJ ■ 

Theorem 6.1. The absolute terms ta{P, P' , z) and kernels {taRo){P, P' , z) of the 



Faddeev equations (2.7) admit analytic continuation in the sense of distributions over 
0[(C^) both into the two -body and three -body sheets Hi of the Riemann surface 3?. 
The continuation into the sheet Hi, I — (/q, h,i, • ■ • , h,ni, h,i, ■ ■ ■ , ^2,n2j ^3,i: ■ ■ ■ i h.713), 
lo = = 0, lf3,j = 0,1, or lo = ±1, Ipj — 1 (in the both cases f3 = 1,2,3, j = 
1,2, . . . , np), is written as 

(6.3) t^(z) = t„(z)|jj^ - t„ - ioAot„4s-iJot„ - $„J(")*L(")A(")j(")$;, 

(6.4) [t„(z)i?oW]|n, = t^W^W: 



where Rq{z) = Rq{z)\^ — Rq{z) + LqAo{z)Jq{z)3q{z) is the continuation (3.6) on Hi 



of the free Green function Ro{z). If Iq ^ {and hence Hi is a two-body unphysical 
sheet), then the continuation in the form ( |6.3[ ), ( |6.4D is possible on the whole sheet Hi. 
For Iq = z fcl , (i. e., in the case where Hi is a three - body sheet) the continuation in the 
form (|6.3| ), ( |6.4[) is possible on the domain 'Pbnll;. All the kernels on the right-hand 



side of Eqs. (x3) are taken in the physical sheet. 



Proof. We prove the theorem for the case of the most comphcated continuation into 
the three -body unphysical sheets Hi with Iq = ±1. For the sake of definiteness we 
consider the case Iq = +1. For = ^1 the proof is quite analogous. 

Let us consider at z G IIq, Imz < the bilinear form 

(6.5) (/,t„i?o(^)/') = [ dk [ dk' [ f^k,k',p) 

Jm,^ ^m,^ Jm^ k +P-Z 

with f{k,k',p) - f{k,p)f'{k',p), f,f' e ©(C^), k = fc„, k' ^k'^,p^ p^. Making 
the substitutions \k'\ ^ p ^ \k'\^ , \p\ ~^ ^ = ^ — \p\^ the integral (|6.5|) becomes 



(6.6) i /'^'^ j dk' j dp j dXVT^ J dp^ ^"^^' f[k,^k',V7^p) . 

IR3 S2 S2 z-oo 

The existence of an analytic continuation of the kernel {taRQ){z) into the sheet 11;, 
Iq ~ ±1 follows from the possibility of continuously deform the path of integration 
in the variable p to an arbitrary sector of the holomorphy domain Vt H a^cJ of the 
integrand in the variable A in the way demonstrated in Fig. |l|. 

Besides, this is connected with the possibility when taking z from Hq to Hi, Iq = +1 
to make a necessary deformation of the integration path in A in such a way that this 
path is separated from the integration contour in p. 



To obtain the representation (6.4) at a concrete point z = zq we choose special 
final locations of the integration paths in the variables A and p after their consistent 
deformation (see Fig. 0). 
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• 

(A) 

Figure 1; Deformation of the integration path in the variable p. The integration paths in p and A 
cire denoted by letters in brackets. The cross "x" denotes the eigenvalues of ha on the negative 

half-axis of the physical sheet and the pair resonances belonging to the set a^cs of the sheet Hi, 
lo = +1. Also, the cuts on 11;, lo = +1 beginning at the points of ai"] are shown in the figure. 




Figure 2: Final location of the integration paths in the variables p (I'l ur2) and A (Gi UG2). The 
path 1 i rciMcscnts a loop going clockwise around the path Gi, the line segment [0, z]; = [0, +00); 
G2 = (z — 00, ilmz] U [ilmz, 0). 
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The singularity of the inner integral (in the variable p) remains integrable after such 
a deformation due to the presence of the factor y^. As a whole, the integral (6.6) 
becomes 

\ dk dk' / dp 



4 „ 

IR3 S2 s 



(6.7) 



n +°° — , 1 

+ 27ri Y^z: - J dp^ a"'^. ^ -^".j P) , 

where denotes the pair T- matrix ta{z) continued into the unphysical sheet (with 
respect to ta{X) the path Gi, A e Gi just belongs to this sheet). The last term arises 
as a result of taking residues at the points Aq,^ G <7d{ha)- 

Evidently, a domain of the variable z e 11;, Iq = +1, where one can continue the 
function ( |6.5| ) analytically in the form (^^) is determined by the conditions Fi C Vb 
and Fi n Z^cJ = 0. These conditions can only be satified for z e Vb- 

Note that the values of the inner integrals along Fi are determined for A G Gi by the 
residues at the points p = X. At the same time J^^ dX . . . Jp^ . . . = 0, since at A € G2 
the fimctions under the integration sign are holomorphic in p G IntFi. Therefore, 



zeni,ia=+i 



dk / dk' I dp 



X <^ dXVI^{~2TTi)\^t'^{k,VXk',X)f{k,^/Xk',VI^p) 



(6.8) + / dXy/z^ / dp^ 



ta{k, ^k' , X) + 7ri^/XTa{k, y/pk' , X) ~ 



p-X 



f{k,y/pk',y/z- Xp) 



.ta{k,y/pk',X) ~, 



+ J dxVT^ J dp^ ' f{k,^k',V^^p) 

n — 

V-^ / f 't'a j{k) 4>a .j{k') ~, I s 

+ > 27riv/z-A„j / dpVP — ^ ^ f{k,^/pk ,^z- Xa,jP) 
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In the second sunimand of Eq. (6.9) we have used the representation (3.11). 

Joining the summands involving on the physical sheet in a separate integral 
/giUG2 ■ ■ ' ^^'^ then using the holomorphy property of the integrand in A we straighten 
the path Gi U G2 turning it into the ray (z — 00, z]. As a result we get the bilinear 
form corresponding to the product (t gR o) (z) taken in the physical sheet. 

The last term of the expression (^^) corresponds to the kernel of the product 

Returning the reminding summan ds i nvolving t'^ and to the initial variables fc', 
p' and utilizing then the definition (6.1), we find these summands correspond to the 
expression 



LoAo 



Gathering the results obtained we reveal that the analytical continuation of taRo into 
the sheet 11;, = +1, reads 



(6.9) 



X (i?o + LoAqJSJo) + Lo^'i>c.J^"'^i^"^^'"^ J^^^'i'^^Jo • 



To be co nvinced of the factorization (6^) it suffices to observe that the last summand 
of (3.1c) is equal to zero. Indeed, for Imz ^ or Imz = and z > maxj A^j the 
following equalities hold 

(6.10) (J(")$;4)(z) = 0, (Jo$aJ(°)^)(z) - 0. 

To prove, say, the first of them one can consider the j~th component of the matrix - 
column J(")$*4, (J(")$*4)^.(z) = J„,j(z)( • , ^aj)4(z). This component acts on 

/ e £2(5^) as follows 

((j(")<i>*4)/)(fc„,z) 



where we use again the hyperspherical coordinates, P' ^ (w^, fc^,p'^) . It is clear 

that only the points P' S 5*^ with y/zsm.uj'gp'^ — \J z — \a.,j Pa may give a nontrivial 
contribution to the integral. The last equality means that the condition z — Aqj — 
= zsiv?uj'^ has to be satisfied for some G [0, 7r/2]. This condition is equivalent 
to the requirement zcos^Wq = Xa,j which may be obeyed for real z < Xaj only. 
However, by the definition of the surface 3? such z do not belong to the sheets 11;, 
Iq = ±1 (see Sec. 5). Consequently, ((J(")$*Jq)^./) (fca, z) = for any j and the first 
equality ( |6TC| ) holds. The second one may be proved analogously. 

A s alr eady mentioned above, it follows from Eq. ( |6.1C| ) that the last summand 
of ( 6.10 ) disappears and hence, Eq. (3^) is true. This completes the proof of the 
theorem. □ 



Using Eqs. (6^) and (x4) one can present the Faddeev equations (2/7) continued 
into the sheet 11; in the matrix form 



(6.11) 



M\z) = t'(z) - t'(z)R[,(z)TM'(z) 
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where 

(6.12) t\z) = t Lo^otjJsfiJot - $4LiAiJi$*, 

(6.13) R[,(z) - Roiz) + LoAoiz)3liz)3o{z) . 

Here, S/(z) = diag{si_;(z), S2,;(z), S3,;(z)}. By M'(z) we understand a supposed ana- 
lytic continuation of the matrix M{z) into the sheet H/. 

Lemma 6.2. For each two - body unphysical sheet H; of the surface 5R there exists 
a path from the physical sheet Hq to the domain hI*^"'' of Hi which only passes trough 
two - body unphysical sheets Hi' and, moving on this path, the parameter z always stays 
in the respective domains n[^°'^ C H/' . 

Proof. Let us make a use of the principle of mathematical induction. To this end, 
we rearrange the branching points Xaj, a = 1, 2, 3, j — 1,2, . . . , n^, in nondecreasing 
order redenoting them as Ai, A2, . . . , A„i, m < J2a "-q; -^i < '^2 < < • • • < A,„, and 
putting Am+i = 0. Let the multi- index I = (^1,^2, ■ ■ ■ Jm) correspond temporarily 
namely to this enumeration. As previously, Ij = if the sheet H/ is related to the 
main branch of the function (z — Aj)^/^ otherwise Ij = 1. The index Iq is omitted in 
these temporary notations. 

It is clear that the transition of z from the physical sheet Hq through the segment 
(Ai, A2) in the neighboring unphysical sheet n;(i) (^into 11^^°]) , l^^^ — (j.''i\l^\ ...,lm^^ 

with zj^' = 1 and Ij^^ — for j 7^ 1 is possible by definition of the domain H^(°5 (see 



Sec. 4). According to Lemmas 4.3 and 4.4, if z belongs to n|J'i°''', it may be led to the 



real axis in the interval (A'^^-',+oo) with certain A^^-* < Ai. Remaining in Hj^°'\ the 
point z may even go around the threshold Ai crossing the real axis in the segment 
(A^^\ Ai). Thus, the parameter z may be led from the sheet H;(i) into each neighbor- 
ing unphysical sheet and, in particular, into the sheet H; identified by h — 0, h = 1, 
Ij = 0, j > 3. Transition of z from Hp through the segment (A2, A3) into the sheet H/ 
with li — I2 — 1, Ij — 0, j > 3, is always possible. 
We suppose further that the parameter z may be carried in this manner from Hq into 

(k) 

all the two -body unphysical sheets Hnk) determined by the conditions Ij = 0, j > k. 
It is assumed also that during this motion z always remains in the domains 11^°''' of 



these sheets and does not visit other sheets. It follows from Lemmas 4.3 and 4.4 that 



if z stays in the domain h||)^]'^ of the sheet described, then it can be led to the real axis 
in the segment (A^*^-*, -l-oo) with a certain A^*^-* < Afe. Hence, the parameter z from each 
of the sheets n;(fc) may be carried through the interval (Afc, Afe+i) into the neighboring 
unphysical sheet n,(fe+i) with if^^'' = 1 - lf\ j < k, l[^^j^^ = 1 and l'^'"^^^ = 0, 
j > k + 1. This just means that z may be carried from Hq into all the two -body 
unphysical sheets Hnk+i) with = 0, j > k + 1. The whole time the parameter 

z remains in the holomorphy domains hIJ'J^I, and does not visit the sheets Hjca) with 
s > A; -|- 1. By the principle of mathematical induction we conclude that the parameter 
z may be carried into all the two -body unphysical sheets. 
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The proof is completed. □ 

Using results of Sec. 4, as well as Lemma ^.2| , we can prove the following important 
statement. 

Theorem 6.3. The iterations Q^"^{z) = ((-tRoT)"t) (z) for n > 1 of the absolute 
terms in the Faddeev equations (2.7) admit analytic continuation on the domain n[''°'^ 



of each unphysical sheet Hi G ^ in the sense of distributions over 0{(C^). This 
continuation is described by the equalities Q("n^)|n, = ((^t'^-o'^)"*') (^)- 

Remark 6.4. The products LiJi**TQ('"), SMT^-jILi, LoJoQ'"\ S'^^JJLo, 
LiJi«'*TQ(")T4'J1Li, LoJoQ(")4Lo, Li3i<f*TQ^"^Lo and ioJoQ^"^T*jlLi, 
< n, arising after substitution of the relations ( 6.12| ) and ( 6.13 ) into Q^"-* (z) , 



< m 

have to be understood in the sense of the definitions from Sec. 4. 



Proof. Theorem 3.2 will be proved in the case of the analytic continuation of the 
iteration Q*^^^ (z). It will be clear from this proof that the iterations Q^"-* (z) with n>2 
could be considered in the same way as Q^^^z). We shall not expound here on the 
correspoding computations for n > 2, since they are too cumbersome. 

So, let us consider the bilinear forms 

Qo^^iz) = {f,t^{z)Ro{z)tp{z)f') 
1 



dk^ / dp^ / dk'p / dp'pf{P)f'{P') 

J]R3 JIR3 Jir3 

ta{ka, k'i'^ {pa ,p'p) , Z - p^tf} (kf^ (pa , p'^) , k'^j, Z - p'^) 
pI+P'I - 2Cafl{pa,p'f^) - slpz 

corresponding to the components Q''^'j^(z) = —ta{z)RQ{z)tp{z) , /3 ^ a, of the iteration 
Q'^^Hz), Imz ^ 0. It is assumed that /, /' eO{C^). 

Using the spherical coordinates Pa ^ p = |PaP, Pa, Pp — > p' = \p'p\'^i p'p, in the 
integrals in the variables Pa and p'p we get 




X) /"OO 

Jo 

ta{ka, k^£^ i^/PPa, P'p) ; Z ~ p)t(3{k'f^ {^/PPa, Vp' P'f}) ,k'p, Z - p') 



4 \Sal3\ Jm? , 

(6.14) X f{k^,^pPo)f'{k'p,^p'p) 



p + p-2cap^^{pc„p'f:i) - sl^pz 

Let us begin with continuation of the functions Qap{z) across the cut (Amin, +oo) to 
the left from the three -body threshold Aq = 0. We realize this continuation in the 
same way as the continuation of the kernels of t^iz) and {taTlo){z) in the proof of 
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Theorem 3.1, Additionally, we use the fact that for z < the denominator of the 



expression under the integration sign in (S.14) cannot become equal to zero since 



-2co,fi^\f^{Va,i>fi) > {l-\c\ap)ip+p') for all p, p' > 0, pa, p'fj e . 

Thus, when continuing across the segment (Amin, 0), only residues at the poles A^j-, A/j.fe 
give a nontrivial contribution to the Cauchy type integrals in the variables p, p' gen- 
erated in ( 3.14 ) by the two -bo dy sin gularities (the poles of ga.j{z) [see Eq. ( 2.131 )]). 

Let us continue the function (6.14) across the segment (A*-^-*, A^^-*) where A <•"'"-' , A^^^ , 
Ad) < A(2), are some neighboring points of the set = Ua^i ^d{ha), (A^^\ A^^^)n 

(2,) 

HtJ^ — 0. Then the totality of the kernels taiz)Ro{z)ti3{z), a, /3 = 1, 2, 3, /? ^ a, 
may be continued in z into the two -body unphysical sheet 11/ C 3? neighboring the 
physical one and such that its indices Iq — 0, l^j = 1 if X^j > A^^, and l^j = if 
Ijj > A^^), 7 = 1, 2, 3, j = 1, 2, . . . ,nj. One can easily check that the continuation 
of the functions Qapiz) into these sheets (in a vicinity of the segment (A^^A^^^)) 
corresponds exactly to the iteration t'(z)Ro(z)Tt'(z) of the absolute term of the 
continued Faddeev equations ( |6.11 ). Recall that in the two -body sheets t'(z) = 
t(z) — 4>J|Li^iJi$*. Hence the analyticity domain of the kernels t'(z)Ro(z)Tt'(z) 
in these sheets is determined by the set of those points where the functions 



~1 



Fa,j-p,k{z,ri) ^ (z - Ac J- + Z - Xp^k - 2Ca/3 Z - Xa.j \/ Z - Xf, 
Faj{z,p',ri) = (z - Xa.J + p' - 2Cap^Z - XaJ ^/f/ Tj - ^ 

Fi3,k{z,p,'n) = {p + z- Xf3,k - ^Caji^P \Jz- Xp^-j rj - slpz) \ 

z for all p, p' > 0, ?7 G [—1,1]. The latter arise in ( 6.14| ) due 



are holomorphic in 

to the presence of the factors (4.25) as a result of taking residues at the poles p 



z — Xaj and/or p' = z — A/j.fc, X^.j, Xp ^ < a, (3 = 1,2,21, a ^ (3. The domains 
where the singularities of the above functions are situated have been described in 
Lemmas 4.3 and 4.4. It follows from these lemmas that the product t'(z)Ro(z)Tt'(z) 



(hoi) 



of 



describes the analytic continuation of the iteration Qd-'(z) on the domain H 
each neighboring (with respect to Ho) two -body sheet 11;. Note that the singularities 
of the functions Faj- f3,k{z,r]), Faj{z, p' ,r]) and Ffj^kiz, p,ri) are, as a matter of fact, 
three -body ones though being situated in the two -body unphysical sheets. Indeed, 
making the substitution rj = {pa,p'p) in ( |6.14| ) one finds that the integral in the variable 
7] turns out to be a Cauchy type integral. This means that, e. g., the points Zii, Zit (see 
Lemma 4^ ) are extra logarithmic branching points. After cross ing t he cuts on 11; along 

the representation 



4.4 



the segments [z^i, z^t] as well as the root ellipses from Lemma 
of the analytic continuation of Q'-^-'(z) in the form of the product t'Rgt' becomes 
invalid. In the present paper we restrict ourselves to considering only those domains 
of the unphysical sheets w here the correctness of such representations is not violated. 

Let us now use Lemma 3.2 and carry out a continuation of the form Qaf}{z) into 
the rest of the two -body unphysical sheets. Boundaries of the holomorphy domains 
jj(hoi) ^j- Q^p(^2) of these sheets are determined again only by the indices a,j and (3, k 



H 

of the functions F, 



Faj and Fp^k included in the kernels of the operators 



LiJi$*RoT$j1Li = LiJi^'*Tv1'J1Li , 
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LiJi$*RoTt = iiJi^'*Tt, 
tRoT$j|Li = tT^-jlLi 

arising in the product t'RgTt'. 

Thus we can state that the kernels of the iteration Q'^-'(z) admit an immediate 
analytic continuation as holomorphic generalized functions over 0(C'^) on the domains 
]-[(hoi) ^j^g two -body unphysical sheets where 

Q(i)(z)|n^ = t'(z)Ro(z)Tt'(z). 

Let us consider now the continuation of the iteration Q^^\z) into the three -body 
unphysical sheets 11; with = ±1- It is clear that the two -body singularities will give 
the same contribution to the continued kernels as before when continuing this iteration 
into the two -body sheets. Therefore we assume here for the sake of simplicity that 
these singularities are absent or, in other words, that the two -body subsystems have 
no discrete spectrum. 

Let us deal, say, with the continuation of Q^^-'(z) into the sheet 11; with Iq — +1. 
This means that we study a crossing of the ray (0, +oo) from below going upward. 
We begin with taking in ( |6.14| ) the limit z ^ E — iO, E > 0, and rewriting the limit 
values of the T- matrix ta {tp) at the points E — p — iO {E — p' — iO) of the segment 
(0, E) in terms of the continued kernel ta{ka, k'^, z') (tp{kp, k'^^jz)) on the unphysical 
sheet using the representation ( |3.11 ) . For ta we have 



ta (fca, ~ki^^ (VpP", ,E-p~iO) 

= ta{ka,~ki^\^Pa,y/p'Pf3),E^ p + iO) 

+ Tti Vp + iOTa{ka,k(£H^/pPa,\/p'p'p),E- p + iO) 

and analogously for tp. At p > E {p' > E) the limit values of the T~ matrix 
ta{ ■ ■ ■ , E — p — iO) (tpi^ . . . , E — p — iO)) from below coincide with the limit val- 
ues ta{ ■ ■ ■ , E ~ p + iO) . . . , £^ — p + iO)) from above, in view of analyticity of 
ta{z) in z at z ^ ]R^. In the same way we rewrite as well the denominator of 

the expression under the integration sign in ( |6.14 ), 



F{p,p',Pa,p'f3) - sip + iO F{p,p',pa,p'f3) - sip - iO 

- 2Tri6{F{p,p',pa,p'p) - slpE) 

where F = p + p' - 2cai3^/p VVipcPp) ■ 

Note right away that the kernel S{F{p, p' ,pa,p'p) — s^^E) corresponds to the dis- 
tribution (jJJq) (P, P', ± iO). Also, it is easy to find that all the terms of ( 6.14 ) 



including the (5 -function S(F(^p, p' ,pa,p'p) — sIpE') generate as a sum a bilinear form 
corresponding to the kernel IqA^^E) (t^ jjjotjj) (P, P', P + iO) admitting analytic con- 
tinuation on H; n 7^6, ^0 = 1 in the sense of distributions over ©(C ^) . 
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Then we consider the terms of ( |6.14 ) including the factor 1/(F(/3, — s^^i?- 

-iO). The simplest of the summands includes the fraction 



ta,i...,E-p + iO)tfii. 



iO) 



\Sap\ P + P' -2Caf}^^/p'{'Pa,P'f3) ' ^afi^ ' '^^ ' 



In all this, the integration in p as well as in p' is carried out along the interval (0, +cxd). 
Evidently, this summand represents a boundary value at z = + i of the bilinear 
form for the product ta{z)Ra{z)'ti3{z). 

We consider contributions of the summands which include the products Ta{. ■ ■ )tfj{ ■ • ■ ) 
and ta{. . . )Tfj{ . . . ) for the case of the first of such summands. 

Let us rewrite the respective bilinear form, 



Q%\e) 



(6.15) 



1 



1 



dkn 



dk'r- 



dpo 



dp'i3 / dpyT^ 
Jo 



4 |sq,3| Jm:^ Jm,^ Js^ 

X ■^'iVpf{ka,y/PPa)f'{k'fi,y/p'p'f^) 

Ta{ka,ki^\y/pPa, V7 P'p) , E ~ p + iO) 
P + p-2Ca(3y^y/p'{pa,p'p) - sl^^E - iO 

^ tp{kf\^p^, ^p'p),k'p,E -p' + iQ) 

P + P~2Cap^^{pa,P'(}) - s\pE-i() 



dp y 



We use Lemma 4.6 to prove the existence of an analytic continuation of the function 



QaB^i-E) domain Imz > 0. To apply this lemma we divide the interval of 



integration in the variable p' in ( 6.15 ) into two intervals [0,E] and (£', +oo). Then 

rE , rE , , , rE 



we get in ( 6.15 ) two terms including ■ ■ ■ Jq dp dp' . . . and • ■ • /q dp J^°° dp' . 



In the first term we make two changes of variables, p ^ p ^ vE, and p' 
p' ~ i/'E, and in the second term, only the first change, p — vE. As a result we find 
that 

Qas^E) = QS(i? + *o) + qS(£; + *o) 



where by Q^^^iE + iO) and Q^^p{E + iO) we understand the boundary values (at 
z — E + iO, E > 0) of the functions 



dk, 

Saf3\ J]R3 



dk'p / dpa / dp'g / dv\fii 
Js'^ Js^ Jo 



diy' 



X f{ka,y/z \/vpa) ■ f'{k'p, y/zVl^p'^) 

^ iri Ta{ . . . , z{l - 1^)) ■ t0{ . . . , z(l - v')) 
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and 



(6.16) 



- • r / dka [ dk'g [ dpa [ dpg [ dv y/l' [ dp' 

4 |sq/3| J]r3 Js^ Js^ Jo Jr, 

X .f{ka,y/zy/iypa)-f'{k'g,y/J7p'/j) 

TTiy/vTai ...,z{l-v))-t/3{...,Z-p') 



respectively. For we take the same path as in ( |4.52| ). 

By the same reasoning as in the consideration of the forms (4.51) and (4.52), we 
conclude that the functions Q^^giz) and Q^^piz) admit continuations in the domain 
lmz>0. 

Therefore, we have proved that the function Ql^g\E) admits an analytic continua- 



tion on the domain n['^°''' of the sheet 11;, Iq — +1. Analogously, an analytic continu- 
ation on n['^°''', ^0 — +1 e xists as well for the bilinear form Q^g^E) corresponding to 
the contribution in ( |6.14 ) from the product ta{. ■ ■ )t/3( . . . ). 
To this end, let us consider the contribution of the product Tq( . . .)t^( . . .). The 



respective bilinear form Q^^p\E) reads 

QapH^) = 7 • 1—1 f i '^Ki ( / dp'g [ dpp I dp- 

X f{ka,y/pPa)f{k'g,^p'p) 

(6-17) 

Ta{ka,ki '(y^Palpha,V7p'g),E - p + iO) 
P + p' - 2Ca0^^/p'{pa,p'|^) - sl^E - iO 

^P{^^^^ {yPPc^^ V7Pp),k'g, E-p' + lO) 

p + p' ~2Ca(}^\fpf{pa,p'gj - slgE - iO ' 

Making the change of variables p ^ p' v\ p — Ev, p' — Ev' , we get the integral 



TT^ Z^ 

T • — / dfcn 



\Saf3 



52 



dk'g f dpa / dp'g / diyv / dv 



52 



X f(ka,\/z\/iypa)f'{k'g,y/zVlyp'p) 

^ r^{...,z{l-,,))Tg{...,zil-,^')) 
u + u' - 2cap^^fiy{pa,p'f^) - sl^p - iQ ' 

where the denominator of the expression under the integral sign includes no depen- 
dence on the parameter z. In view of holomorphy in z of the numerator of this ex- 
pression, the integral QI^^\z) admits an immediate analytic continuation on n|'^°''', 
/ = +l. 
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Summarizing the above, we can assert that the kernels of the iteration Q'-^-'(z) admit 
analytic continuation (in the sense of distributions over 0{€^)) on the domain 
of the three -body unphysical sheet Hi, Iq = +1. A similar assertion holds as well 
for the three -body sheet 11; with Iq ~ —1. Also, we can state that the result of 
continuation may be represented as 



(6.18) 



= (t - Lo^otJSs;-iJot)(Ro + LoAo3lJo)T{t - LoAotjJs,-'Jot) 



When studying a continuation of the iteration Q'-^^(z) into the three -body un- 
physical sheets Hi, Iq — ±1 in the general case where the pair subsystems may have 
eigenstates one arrives again at the formula Q^^-*!]-; = t^RpTt'. However, in contrast 

to ( 3.18 ) one must now use for t'(z) the total expressions (|6.12| ). 



The proof is completed. □ 



Remark 6.5. Theorem 6.3 means that one can pose the continued Faddeev equa- 
tions (6.11) only in the domains n|''°'^ C 11/ . 



7. Representations for the analytic continuation of the matrix 
M{z) in unphysical sheets 



In the present section we use the continued Faddeev equations ( 6.11 ) to obtain 
representations for the matrix M\z) in the domains n|''°''' of the unphysical sheets 
Hi C 3?. The representations will be given in terms of the matrix M{z) components 
themselves taken in the physical sheet or, more precisely, in terms of the half- on - 
shell matrix M [z) as well as the inverse operators of the truncated scattering matrices 
Si{z) and Sj{z). As a matter of fact, the construction of the represe ntat ions for 



M {z) consists in explicitly "solving" the continued Faddeev equations ( 3.11) in the 



same way as in |61| , |62| where representations of the type (3.11) had been found 
for analytic continuation of the T- matrix in the multichannel scattering problem 
with binary channels. We consider derivation of the representations for M^{z) as a 
constructive proof of existence (in the sense of distributions over x^^^O[(C^)) of 
analytic continuation of the matrix M(z) into the unphysical sheets 11/ of the surface 

So, let us consider the Faddeev equations ( |6.11 ) in the sheet 11/ with Iq ~ otIq = ±1 



and lf3j = or l/sj = 1, /? = 1, 2, 3, j = 1,2, . . . , np. Using the expressions ( |6.12| ) for 



t'(z) and ( |6.13 ) for Rq(z), we transfer all the summands including M'(z) but not Jq 
and Ji, to the left side of Eqs. (6.11). Making then a simple transformation based on 



the identity S; (z) = Iq — S; (z)Jo(2;)t(z)Jj(z)Ao(2;)Lo we rewrite (3.11) in the form 



(7.1) (I + tRoT)Af' 



4" jJs-iJot - JoX, 
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where Aq\z) — LoAo{z), Af\z) — LiAi{z). Besides, we denote 
X^'^ - |Lo|sr%(I-tRo)TM', 



(7 2) 



It should be noted that 
(7.3) Ji$*Ro = -Jil-* 

Indeed, 



Then it follo ws f rom Eq. ( 3T3 ) that 3a. j{ ■ ,4'a,j)Ro = ~3a.j{ ■ ,^a,j), and thereby 
the equality ( [7.3|) is really true. 
Along with ( [7.3| ) the equalities 

(7.4) (ji$*4)(z) = 0, (Jo$J1)(^) = 0, 



hold in accordance with (6.10) for all z e C \ (— oo, Amax]- 
Note that the condition z ^ (— oo, A^ax) necessary for Eq. ([7.4|) to be valid, does not 



apply to the two -body unphysical sheets 11;, = 0, since in these sheets A^^\z) = 
and consequently, the terms including the products JqJo are absent in (^^). Mean- 
while, the points z e (— oo,Aniax] were excluded from the three-body sheets 11/, 
^0 = ±1, by definition. 
Using Eq. ( |7.3D and the first of Eqs. ( |7.4| ) one can rewrite xj'-* in the form 

(7.5) X^'^ = LiJi^'*TM'. 

Notice further that the operator I + tRgT admits an explicit inversion in terms of 
M(z), 

(7.6) (I + tRoT)-i = I - MTRo, 

for all z G Ho which do not belong to the discrete spectrum (y^{H) of the Hamiltonian 
H, and 

(7.7) (I-MTRo)t = M. 
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The equahty ( |7.6D is a simple consequence of the Faddeev equations (2.7) and the 
identity RqT = TRg. The relation (7.7) represents the alternative variant (2.8) of 
these equations. Now, we can rewrite Eqs. (7.1) in equivalent form 

(7.8) 



- (I-MTRo)4'44''(ji** 



Eq. { \r§[ ) means that the matrix M'(z) is expressed in terms of the quantities 'K.q \z) 
and ^}/^\z). The main goal of this section consists in the representation of these 
quantities in terms of the matrix M{z) considered in the physical sheet. 

To obt ain for Xg •* and X^'^ a closed system of equations we use the definitions (7.2) 
and (7.5) and apply the operators sj~"'^Jo(I— tRo)T and Ji^** to both parts of Eq. {7.i). 
At the moment we use also the identities 

(7.9) [I-tRo]TM = Mo-t, [I - tRo]T[I - MTRq] = [I - A/oRo]T 

where Mq = fl^^M = (I + T)M. The relations (^^) are another easily verified con- 
sequence of the Faddeev equations (p.7[). Along with Eqs. ( |7.9D we use here also the 
second of the equalities (7.4). As a result we come to the desired system of equations 
for X^'' and X^'^ 



X 



(I) 



(7.10) 



i^oisr'Jc 



(Mo 



\Lo\ s-iJoA/oT*jI ( Ji** + Xi' 



•'o*; •'0' 



(7.11) 



(0 _ 



- Li Ji**T[$ + MT^]3\a[^^ (Ji$* + Xf ^ 
It is convenient to rewrite this system in matrix form 



^«x« = ^(0 , xC) 



^0 '^1 



with B^') = {i^lj''}, i, j — 0,1, the matrix consisting of the operators appearing in 

.(0 



the unknowns Xq and X 



f\ By D('\ = (i?('\z?f)) , 



we understand a column 



constructed of the absolute terms of Eqs. ( 7.11 ) and ( 7.12|) . Since s; = ig + ^p'' JotJ 



we find 



r(0 _ f 
-Dqo - lo 



4^sr%(Afo-t)4 



= s, 
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At the same time 



B^ai = |io|sr'JoA/oT*jI^f^ 



because T($ + MT^-) = Tv* + TAfT^- = (Tv + TAfT)^' = JJ* (see Sec. p. 
The absolute terms arc 



D, 



|Lo|s-i Jo(A.fo-t)(l- A[,"jJs-iJot) - |Lo|JoA/oT*j14'^Ji$ 



it /i(0- 



(0 



LiJi**TA/( I - A^'hls-^^Jot 



LiJi«'*C/*Ji^f^Ji$ 



The operator s;(z), = ±1 is invertiblc for aU z G T'h. If z ^ ^ros, then ^{z) is a 
bounded operator in Qq. Therefore, applying the operator s/ to both parts of the first 
equation S^o'xf,'^ + S^i'X^'^ = 5^^'^ of the system SC^X^) = and not changing 
the second equation, we come to the equivalent system 

(7.12) S(')X(') = 
where 

(7.13) = 



A +iiJi1'*?7*jl^f ^ 
Go Til. The absolute term I?^'^ has components Dq-* = s;Dg -* 



B«(z) : ^o©Wi 



and D 



(0 



(0 



Lemma 7.1. T/ie inverse operator (i?('''(z)) "'^ exists for all z G n|^°''' where 
the inverse operator Si^^{z) of the truncated three -body scattering matrix Si{z) 
given by the first of the equalities in ( [1.21 ) exists with L = diag{Loi^i}; L = 
diag{|Lo|, ii}, and where the inverse operators [>S';(z)]qq^ and [Si{z)]i-^ o/[5'/(z)]oo = 
^0 + Jo^^Jq^o^o o,n-d [5'/(z)]ii = A + ii Ji5'*J75'j| AiLi, respectively, exist. The 
components [(i?^'-'(z)) 
sentations 



(7.14) \{B(n{z)y 



(7.15) 
(7.16) 



(i3«(z))-^ 
(i3«(z))-^ 



01 



(7.17) liB^^iz))-' 



11 



i,j = 0,1, of the operator (i?('''(z)) ^ admit the repre- 

X {iLolJoTo- [^;]oi[5/]niiJi**TfAf}44'\ 
^^M^r'loi' 

X {io - n^Si]oo'\Lo\JoToJl4^} , 
[^i ^]oo 
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where Tq = flM . 



Note that since \Lq\ andAiP are numbers which become zero for = simultane- 



ously, the factors |Lo| in ( [7.14 ) and ( 7.16 ) may be omitted. 
Proof. Let us find at the beginning, the components 



(i3W(z))- 



and 



00 



10 



which will be denoted temporarily (for the sake of brevity) by Yq 



00 



and Yio . Using Eq. (|7.13| ) we write the system of equations for these components as 

(7.18) [^^'^loo^oo + [B%,Y,o = lo 

(7.19) [S^'^lio^oo + [B^'^],,Y,o = 0. 

Eliminating the unknown Yio from the first equation (7.18) with the help of ( 7. 19] ) we 
come to the following equation including the element Yqq only, 

(7.20) {io + n^[\Lo\3oTo44'' - [^/]oi [^i]n Ji**TMjJ4')] } Fqo - lo ■ 



The operator-matrix on the left-hand side of Eq. (7.20 ) complementary to Iq has 
three identical rows. Thus one can apply to Eq. ( |7.2C| ) the inversion formula 



(7.21) io + r!t(Ci, C2, C3) 



I0 + C1 + C2 + C3 



(Ci, C2, C3) , 



which is true for a wide class of operators Ci, C2 and C3. The single essential require- 
ment on Ci, C2 and C3 evidently, is the existence of (/q -f Ci + C2 + C3) 
In the case concerned 



,(0 
^0 



Cf3iz) = {IL0IJ0T0/3JS- Noi[^z]ri'LiJi**T[M]^4}4 

where [M]p is the /?-th column of the matrix M, [M]p = (Mi^, Af2/3, Thus 

I0 + C1+C2 + C3 = io + JorjJ,4'^ - [Si]oi[Si]^,'3i'i'*U^o44^ 
= [Si]oo — ['5';]oi['S'/]ii^[5';]io. 
Note that the components [<5';^^],j^ , i,j = 0, 1, of Sf^ have the representations 

(7.22) [5r']oo = (Noo-NoiNu'Nio)'' 

(7-23) [5r']n = (Nii-NioNo"o'Noi)"' 



(7.24) 
(7.25) 



[^l ^]oi 



in terms of the components [Si]ij. It follows from ( [7.22 ) that Iq + Ci + C2 + C3 = 
{[S^^]qq) ■ Therefore, in the conditions of the Lemma, the operator I0 + C1 + C2 + C3 
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is invertiblc. Now, an application of Eq. (7.21) in (7.2C) leads us immediately to the 



representation ( [7.14 ) for (_B 



10 



we eliminate from the second equation (7.19) 



When calculating Yio 

the quantity Foo using Eq. ( [7.1^ ). In all of this, we need to calculate the inverse 
operator of io + JoAfoJo^o Here we apply again the relation ( 7.21 ) and obtain 



(7.26) 



io + r!t|io|JoTl)jS4" 
io - [Si]-^ |Lo| JoToJj^^'^ 



With the help of ( 4.21 ) we can write the resulting equation for Yio as 
{['S';]ii - [Si\aQ ['S'iloi} ^10 
= -Ji^P*TM44')[io+JoA/o44'^^ 



(7.27) 



According to Eq. (|7.23|) the expression in braces on the left - hand side of Eq. (|7.27| ) 

coincides with [5';"^]^^^^ . Then, from (7.27) we get immediately (7.15). 
The system of the equations 



(7.28) 
(7.29) 



for the components Fqi = [(^''^) and Yn = \{B^^^) ^] is solved analogously. 
The search for Yn is a simple problem, since application of the inversion formula (7.27) 
to Eq. ( [7.28D immediately gives Fqi = [Si]q^ [Si]^^ Yn. Substituting this Yoi in ( |7.29| ) 
we find 



As in Eq. ( 7.27) t he operator on the left-hand side is just [iS;^^]]^]^ . Inverting it, we 
come to Eq. ( 7.17 ). 

When calculating the unknown Iqij we begin by expressing the unknown Yn in 
terms of it. Using Eq. (7.2£) we find 



(7.30) 



Substituting (7.30) into Eq. (7.28) we obtain an equation with an operator in the 
position of Iqi; which may be inverted with the help of Eq. (7.21). Then we use the 
chain of equalities 

= 9)\La\iQnMT^i\A^I'^ 
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simphfying the absolute term as well as the summand on the left - hand side of the 
equation for Yqi appearing there due to (7.3C) from the element [-B'-'-'j^^. Completing 
the transformations we find 



In view of ( 7.25|) , the expression appearing after fl^ on the right-hand side of the 
last equation coincides exactly with that for ['S';~^]g-^. Therefore, we obtain finally 



Eq. ( 7.15 ). Thus, all the components of the inverse operator (S^'^) have already 
been calculated. 



It follows from the representations ( 7.14 ) - ( 7.17 ) that (B^'-\z)^ exists for those 



(hoi) 



where the inverse operators of Si{z), [Si{z)]qq and [S'i(z)]]^]^ exist. This 



z e n 

completes the proof of the Lemma. 



□ 



Let us return to Eq. ( 7.12| ) and invert the operator B^^\z) using the relations ( 7.14 ) 
( 7.17 ). In this way we find the unknowns Xg' and xj'-* which express M'(z) [see 



Eq. ([7^] 

When carrying out a concrete calculation of Xq = (i?^'^ ) 



(0_ 



D 



(0 



we use the relation ILqI 



01 



00 



Jo A/o = I -^0 1 [S"; ^] JqTo that can be checked with 



the help of ( [4.2l| ) and (^^. Along with the identity 
(7.31) Jotfio - 4'^ Josr'Jot 



S, """Jot , 



this relation simplifies essentially the transform of the product (S^'^) 
addition, when calculating Xg ^ we use the equalities (7.4). As a result we find 

X(') = m||Lg|[5-i]^^jgrg+[^-i]^^Li(JiVl/*TAf + JiCi>*)} 
- |Lo| S;""^Jot . 



In 



(7.32) 



Now, to find Xi' 



(0 



(0 



we observe additionally 



that the equality |io - f^t [S^^]^^ JqTq jj, | JqA/o = f^t [S^'^]^^ JqTo which sim- 
(bC))"^ D^^^ is vahd. The final expression for X^'-* reads as 

(7.33) X« = Li{[sr'],JLolJoTo+[5r']^^LiJi**TA/-(/i-[Sr']^jLiJi**}. 



plifies the product 
follows 



To obtain now a representation for M'(z), one has only to substitute in Eq. ( |7.8| ) 
the expressions (7.32) for Xq-* and (7.33) for xi'-*. Carrying out a series of simple but 



rather cumbersome transformations of Eq. ([7^) we arrive as a result at a statement 
analogous to Theorem 3.2 concerning analytical continuation of the two -body T- 
matrix. The statement is the following. 
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Theorem 7.2. The matrix M{z) admits, in the sense of distributions oi'erO(C^), 

an analytic continuation in z on the domains n[''°''' of the unphysical sheets 11; of the 
surface 3?. The continuation is described by 



(7.34) = Af- (Mf7^jJ,$j| +MT1'jnL^S'f^Z 



Ji1'*TM + Ji$* 



where Si{z) stands for the truncated scattering matrix (4.21), 

L ~ diag{/o, ^1,1, . . . , , ^2,1, ■ • • , ^2,n2J ^3,lj • ■ ■ , ^3,713} 

L — diag{|ZoMl,l, ■ • ■ , ^l,ni, ^2,1, ■ ■ ■ :h,n2:h,l: ■■■ , ^3,713} ■ 



The kernels of all the operators on the right-hand side of Eq. ( 7.34 ) are taken in the 
physical sheet. 



Note that LASf^{z)L = L [^/(z)] AL. This means that the relations ( |7.34|) may 
also be rewritten in terms of the scattering matrices Sj{z). 



8. Analytic continuation of the scattering matrices 

Let / = {^0, h,i, ■ ■ . ,^i,ni,^2,i: ■ ■ • J2,n2,h.i, ■ ■ ■ J3,na} with Certain /q, = or 
Iq — ±1, and la.j, la.j = or l^.j — +1, a = 1,2,3, j — 1,2, ...,nQ. The truncated 
scattering matrices Si{z) : Hq (B Hi ^ Hq ® Hi and Sj{z) : Hq ® Hi Ho (B Hi, 



given by formulas (4.21), are operator - valued functions of the variable z which are 



holomorphic in the domain n['^°''' of the physical sheet Hq. For Iq = 1 and laj = 1, 
a = 1,2, 3, j — 1,2, . . . ,na, these matrices coincide with the respective total three - 
body scattering matrices: Si{z) = S{z), Sj(z) — S^z). 

We describe now the analytic continuation of the truncated scattering matrices'''' 
Sii{z) and Sj,{z) with a certain multi- index I' in the unphysical sheets 11; g 3?. 



We shall use here the representations ( 7.34 ) for M(z)|j-j . As mentioned above, our 



goal is to find explicit representations for S';(z)|j-j ^ and Sj{z)\-^ ^ again in terms of the 
physical sheet. 

First, we notice that the function Ao(z) is univalent. It looks like ^0(2;) = — ttzz^ 
on all the sheets 11;. At the same time after continuing from Hq on 11; the function 
Afsj{z) = —niy/z — Xp,j keeps its form only if Ipj = 0. If Ipj = 1, this function turns 
into A'p j{z) = —A/sj{z). Analogous inversion takes (or does not take) place with 

arguments P, P' , Pa and p'^^ of the kernels of the operators Jq^IAIH,^ J^, JofiAfT5'j|, 
Ji**TMf]1'jt g^jj^ Ji^'*(Tv + TMT)^'j|, too. Recall that on the physical sheet Ho, 
the action of Jo{z) (jS(z)) transforms P e ]R*^ in ^iP (P' e in y/^.P'). At 

*^Note that the analytic properties of the truncated scattering matrices or, more exactly, the 
(2 —> 2) scattering amplit ude s in the A'^ — body system with N > 3 were investigated in the paper |66| 



in the case of the type (2.J) pair interactions. A proof is given in [ |S6| for existence of analytic 
continuation of these amplitudes through the cut in vicinities of the branches of the continuous 
spectrum below the first threshold of the system to breakup into three clusters. 
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the same time, Pa S H'^ (p^ G H"^) tm-ns under J„_i(z) (j|j^(z)) into z — \a,iPa 
{^\J z — Xp,j p'p) . That is why we introduce the operators E{1) = diag{£o, ^^i} where 
£q is the identity operator in TYq if — 0, and £o is the inversion (fo/) (-P) = f{^ P) 
if ^0 = ±1- Analogously, = diag{£i4, . . . ,£i,„^;£2,ii ■ ■ • , ^2,«2 ; ^3,i; •■■:^3,«3} 

where is the identity operator in 'H^^'^'> if ^/3,i = ^^'^ is the inversion 
{£p,jf)iPp) = f{~'Pp)i if ^/3,j = 1- By ei(/) we denote the diagonal matrix 
ei(/) = diag{ei,i, . . . ,ei,„i;e2,i, . . • , e2,n2; e3,i> • ■ - i^s^n^} with the elements e/j^ = 1 
if Ijjj = and e^j^ = —1 if //3j = 1. Let e{l) = diag{eo,ei} where eo = +1. 

Theorem 8.1. If there exists a path on the surface 5R such that while moving along 
it from the domain n[^°'^ on Ho to the domain n|,^°'^ n n|,']°'^ on 11; the parameter z 
stays in intermediate sheets Hi" always contained in the domains n|^°'^ n nj,^",'' , then 
the truncated scattering matrices Si' (z) and Sj, (z) admit analytic continuation in z on 
the domain n[,''°'^ H n|,']°''' of the sheet Hi . The continuation is described by 



(8.1) Si,{z)\^^ 

(8.2) Sl{z)\^^ 
where 



L' 
L' 



= £{l)\i + L'fL'Ac{l) - L'TLAS-^LfL'Acil)] £{l) , 
= E(l)\i + e{l)AL'fL' - e{l)ALfL [Sj]-^ALfL']£{l) 

{]' 1' I' I' 1' 1' 1' \ 

I'Oi'l.li • ■ ■ ' n,ni I '2,1' ■ ■ • ' '2,n2' '3,1' ■ ' ■ ' '3,^3 / 1 
{I'oMl,!' ■ • ■ 7 ^l,ni ' '24J • ■ • I ^2,n2 ' ^3,1' ■•■i^3,r!3} • 



Proof. We give the proof for the case of Sii{z). Using the definition 
operator T{z) we rewrite 5;/ (z) in the form 



) of the 



Si,{z) =i + L' 



Ji**T 



Af(rj^jJ,T*ji 











Ji«'*Tv*jT 



L'A. 



Note that when continuing into the sheet 11;", the operators ia{z)^ JqC-^^): Ji(-2^) ^^'^ 
j1(z) turn into fol^") Jo(-z), il{z)£o{l"), £i{l")ii{z) and j1(2)£i(/"), respectively. At 
the same time the matrix -function A{z) turns into A{z)e{l"). Then, using Theo- 



rem l7.2| in the domains 11?°''' n liYip'' of the intermediate sheets 11;// we have 



r(hol) 



^''Wln,// 



.3) 



£{l")L' 











+ 



Ji**Tv^'4 



L'£{l")Ae{l'' 



Substitution of Af' (z) from ( 7.34 ) shows that 

5;/(z)|n^^, = \ + £{l")L'fL'£{l")Ae(l") 
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X L" 



Ji**[v + TAf] 



'n^3l,T^j\)L'£{l")Ae{l") 



where the summand immediately following I is generated by the term Af (z) of the 
right-hand side of (7.34). The last summand of (S.4) is comes from the second 
summand of (7.34). 

In view of (7.4) we have Ji^ *vr2tjt = Ji$*4f7t ^ 0. Analo gously, Jo^iv^'JI is 
equal to zero, too. Thus, taking into account (4.8) we find 



(8.5) 



^/'(2)|n,„ = i + Sil")L'fL'£{l")Ae{l") 

- £{l")L'fL"ASi;:^L"fL'£{l")Ae{l") . 



By the assumption, the parameter z moves along a path such that in the sheet 11//' 
it is situated in the domain n|^°''' nn[,']°'''. In this domain, the operators (Z'TL')(z), 
(Z'TL") (z) and [L"'TL'^ (z) are defined and depend on z analytically. Consequently, 
the same may be said also about the function S'/'(z)L . In equal degree, this state- 

111;/; 

ment is related to the sheet 11; . Replacing the values of the multi - index /" in the rep- 
resentations (8.4) - (B.5) with /, we come to the assertion of the theorem for 5i/(z)|j-j . 

The validity of the representations (S_^) for S';t(z)|j-j is established in the same way.D 



Remark 8.2. If /q = then the representation (8.1) for the analytic continuation 



of Si{z) into the sheet 11; (its "own") acquires the simple form [cf. (3.15)] 
Si{z)\^^ - £{l)^ + G{l)~S-\z)e{l)\£{l) = £{l)Si\z)£{l) . 

In the same way Sl{z)\^^ = £{l)[S\{z)Y^ £{l). 



9. Representations for the analytic continuation of the resol- 
vent in the unphysical sheets 

The resolvent i?(z) of the Hamiltonian H for the three -body system is expressed by 
M(z) according to Eq. ( 2.11 ). As we have established, the kernels of all the operators 
included in the right-hand side of ( 2.11 ) admit, in the sense of distributions over 
O(C^), analytic continuation on the domains nl''"'"* of the unphysical sheets 11; C 5R. 
This means that such a continuation is possible as well for the kernel i?(P, P', z) of 
i?(z). Moreover, there exists an explicit representation for this continuation analogous 
to the representation ( 3.16 ) for the two -body resolvent. 
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Theorem 9.1. The analytic continuation, in the sense of distributions oi'erO(C^), 

of the resolvent R{z) on the domain nl^"'-* of the unphysical sheet 11; C 3? zs described 
by 

(9.1)i?(z)l = i?+ ([J- W]4,!^[I-RoA/T]*jnL^Sr I- / \ , 



The kernels of all the operators present on the right-hand side of Eq. (9.1) are taken 
in the physical sheet. 

Proof. For the analytic continuati on _R '(z) of the kernel R{P, P' , z) of R{z) into the 
sheet 11; we have, according to Eq. ( 2.11 ), 

(9.2) R\z) = i?[)(z) - R^Q{z)nM\z)^'^ R^q{z) . 

For M'(z) we have f oun d already the representation ( |7.34| ). Since Rq — i?o + -^o^oJoJo 
we can rewrite Eq. (|9.2|) in the form 



R^ = Ro - RonM^n'fRo + AoLoJM/o - Jof^A/'f^^4io^o)Jo 

(9.3) 

- AoLaJlJonM^n^Rn - RanM^nUlJoLoAo . 



We consider separately the contributions of each summand of (9.4). To this end we 
shall use the notations 



B 



It follows from { ffl^ that QM^n^ = mifl^ - BLAS^^LB''. Hence, the first two 
summands of (|9.4|) give together 



Ro ~ RoflMfl^Ro + RqBLAS^^LB^Rq ^ R + RoBLAS7^LB^ Rq . 



To transform the third term of (9^) we again use the representation ( 7.34 ). We find 
JoflM'nUUoAo = fooio^o - ( Too, foi) L AS7^ L I '^°]lo A, 



\ Tio J 

cjoTLAuj^ — LOoT LASj^^LT LAu'^ 



ujoTLAil- S^^LTLA]Luj*o 



where ojo stands for the projection from Tio Tii on Ti.o defined by t^o ( ) = /o, 



fo G Ti-o, fi G Ti-i- By we understand, as usual, the adjoint operator of t^o- Since 
Si =1 + LTLA we have i - S'^ifLA = 5f ^(^1 + LTLA - LTLA^ = S'^. Taking 
in account that L = L ■ L we find 

LoAo{io " Jo^^M^nK^lLoAo) = uJoALil- LfLASi^)Lu*o ^ uioLA S^^Llu^ . 
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This means that the third term of (3.4) may be represented as JqUJqLASi ^Lluq. 



When studying the fourth summand of (9.4) we begin by transforming the product 



^0-^0 Jo^-^^'^^ into a more convenient form. It follows from (7.34) that 

In view we have 

AoLoJo^M^fl^ = ujqI^AL-ALTLAS^^L^B^ = ujqLAS^^ LB^ . 
Analogously, in the fifth term of (|9.4| ) is 

nM^n^jlLoAa ^ BL[sj]~^ ALlo^ ^ BLAS^^Luj;. 
Thus the last two summands of (|9.4| ) give together 



jIuqLAS^^LB^Ro - RqBLASi^^Llj^Jq . 



Substituting these expressions into Eq. (9^) we find 

i?' = R+{4^o-RoB)LAS^^L{uj^3Q-B'fRQ) . 

Taking into account the definitions of B and B^^ as well as the obvious identities 
RoflMn^ = RV, R^n^ii = -r^^-Ji and Ji**^^^^?^ = -Ji^r*^^^ we come finally to 
Eq. ( |9.l| ) and this completes the proof. □ 

10. On the use of the Faddeev differential equations for com- 
putations of three — body resonances 



It follows from the representations ( |7.34| ), (B.l) and (9.1) that the matrices M(z)|jj 



S';/(z)|j-j and the resolvent i?(z)|j-j may have poles at points belonging to the discrete 
spectrum (Td{H) of the Hamiltonian H. Nontrivial singularities of M(z)|j-j , S'i'(z)|j-j 
and i?(z)|j-j correspond to those points z e XIq n nj^"'' where the inverse truncated 

scattering matrix [S';(z)]^^ (or [5*^^(2)] ^ and this is the same) does not exist or where 
it represents an unbounded operator. The points z where [Si{z)]~^ does not exist are 
the poles of M(z)|jj , S'/'(z)|jj and i?(z)|jj . Such points are called (three-body) 
resonances. 

A necessary and sufficient condition [ ]65| for irreversibility of the operator Si{z) is 
the existence of a nontrivial solution ^('"^^ g TYq © Ti-i of the equation 

(10.1) S',(z)^<'''' = 0. 



The investigation of this equation may be carried out on the basis of the results ob- 
tained in Sec. 4 regarding the properties of the kernels of the operator T(z). We 
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should postpone this investigation for another paper. Here, we restrict ourselves to 



the observation that the equation (10.1) may evidently be applied to practical compu- 



tations of resonances situated in the domains n['^°''' C 11/ . The resonances have to be 
considered as those values of z G XIq n Ifl^"'' for which the operators Si{z) and Sj{z) 
have zero as eigenvalue. 

The elements of the scattering matrices Si{z) and Sj(z) are expressed in terms of 
the amplitudes (continued in z into the physical sheet) for different processes taking 
place in the three - body system under consideration. The respective formulas |46|] 
rewritten for the components of T, are the following 

%.j;o{Pa,P' ,z) = &^\z)Aa,j:Sl{Pa,P' ,z) , 
%,P,k{P.p'p,z) = C(''(z)A;/3,fc(Ap^,^), 

foo{P,P',z) = C^^\z)Aoo{P,P',z), 

with 

r'-^UA = - 

^ ' 2iN-l)/2^iN+l)/2^^{N~3)/i ' 

where for the function z^^~^'^^'^ one chooses the main branch. The functions Aa,j;f3,k 
represent the amplitudes of elastic {a = /3; j ^ k) or inelastic (a — (3; j ^ k) scattering 
and rearrangement {a ^ (3) for the process (2 2,3) in the initial state of which 
the pair subsystem /3 is in the fc-th bound state and the complementary particle is 
asymptotically free. The function Ao-fs^k represents in the same process the amplitude 
of the system for breakup into three separate particles. The amplitudes Aaj-.o and 
.4oo correspond, respectively, to the processes (3 2) and (3 3) beginning from the 
state with all three particles asymptotically free. Recall that the contributions to Aqq 
from the single and double rescattering represent singular distributions (see Sec. 4). 

By describing in Sec. 4 the analytical properties of the matrix T kernels in the 
variable z and the smoothness properties in the angular variables P or pa and P' or 
p'p, we have in effect described as well the properties of the amplitudes A{z). 

To search for the amplitudes A{z) continued into the physical sheet, one can use 



e.g., the formulation |46 , ||5J] of the three -body scattering problem based on the 
Faddeev differential equations in coordinate space. It is only necessary to come, in 
this formulation, to complex values of the energy z. The square roots z^/^ and {z — 
Aqj)^/^, a = = 1,2,3, j = 1,2, ...,na, which are present in the formulas of [|6|, 
|54| describing asymptotical boundary conditions for the wave function components at 
infinity, have to be considered as the main branches, i. e., as -^/z and \/ z — Xa,j- Solving 
the Faddeev differential equations with such conditions one finds in fact the analytical 
continuation of the wave functions into the physical sheet and, thus, the continuation of 
the amplitudes A{z). With the known amplitudes A{z) one can construct a necessary 
truncated scattering matrix Si{z) and find then those values of z for which there 
exists a nontrivial solution A'^'^'^^^ of Eq. (10.1). As mentioned above, these values of z 



represent the three - body resonances in the respective the unphysical sheet 11, 
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